L o L _onns

CHapree 0 RESF 306.05 . ¢ @
7. A'%?m.szrmu/'h

/"" Cd) {/’ 2/5’ 4" 5-} (é) {—5; —4’:-3J -ZJ —/) 0) ,/ 2]
L {123,487 ) §2,3 4)
2. (a) (Y2,1) & [-,7]

3, Llel xe Auv(BaC) . Then xe A or xe BnC .

o Mow if xe A, Then xe AvB _and xe Avc.
Soe xe (AvB)a AvC) . And /f xe BncC | |
L Then xe 8 and xeC. So xe AvB and xe Avc.
 Tlus xe (AvB)a(Avc) . Hewce m ,6/,74@'?45? -
X E (AUB)/)(AUCB. 7hu s /'}u(gnC> = (ﬂu&)n (/QUC} :

Za{ Xe <AU5)”Q4UC). 7 hen Xe AvB and Xé‘l /./UC

Now e/lther xeh or xdA . /S xel , Then
xe Av(Bnc). Ard i xg¢h, Then xe B

(because xeﬁyé) and xel (ée(aqse_“gqﬂqd” :
Se xXe B and xeC. Thus Xe BnC and

canSefuenf/)/ xe Av(BaC) ., Henee 1n e/ her
case xe Av@Bac) . Thus @AvB)n(AvC) < Au(Bac)

L 0w follaws by Trasrem 01 that  Avenc) = (4 o),

4. lel xe A~ (8uC). Then xeA and xX¢g Buc |
Bul /f X ¢ BuC | Then X¢g B and X¢C |
So xe/d and X¢ B . Also xeA and de-(C- Téus‘ |
. xe ANB and xe ANC, Hence xe (A~B)n(ArC)
L Thus AN (BuC) ¢ WBNBYn(ANC) |



Lel X e (A\BBN(A\C), T hewm x € AN E A @

L xe ANC . So xe A and X¢8) ond xeA and
 XxX¢é C. Thus xed. HAl/so x¢& B and x¢ C .
So xd¢d B8uC . Thus xe A and x¢ Bvl .
MHence xe ANBuC) . Thus  (ANB)a(Asc) © A~(80C)

It srow follows 74&%4 Thaorem 0.1 Thal A’\(BUZC) =(A\g)n(A\c)_

5 /—@{ Xe AnB . 7%677 xe A ﬁﬂﬂ/ xe B /n far//'cn/ar

7

Xe A, Thus HAnB < A, Now lel xe h. Then
xeAd sr xeC' s a Ftue slalewment. So xe AvC
Thus A< AvC | Hence AnB c A < AvE,

é. (a) Su//?ase Ac B. lel xe CNB. Then xe C

- (4)

and x¢ B. S x4l because ASB Thus
X C and x¢h. Hence xe O\A . Thus C\BS C\A,
i CNBc C-A ) it dbes nol follow Thal Acik.
(aumz‘erwmm/o/é . Take A= §42,57 B =§/,2,3,¢}
and C = §1,2,3, 43

| A\(A\5>= B // ﬂﬂ/&n/y e B=A.

7—0j€{ This crz'/erz'an} Frrs? Show 7‘/1422‘ .A\(A\B)z
AnB. Sp el prove Thi's

'z

el Xe AnB8. Then xe 4 and x¢ 8. So XgA~B)

becamse % fe/ m AN8 | we meed xd& . Jhus
XeA and x¢ (ANB) . So xe AS(A~B)  Hence
And < AN(A~B). Now lel x e ANA~SB) .
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7. Then xe A and XE(ANB) | Mow +f x€@~B).
L Then xe A and x¢B. So +f X¢E ANB | Jhen
. X¢ A or xeB. Bu? we a/v’e‘d//v £now f/zaf
L Xe A, so we smust fave xeB. Thus xe A
an/ xe 5. So xe An B . Mo ce f?\m\s) =) /lnB
 Thus ANANBY = AnB .

_ /Vaod // ’'s an eds/ Wﬂ/%e’r /é/ora:/e ﬂaz[ //,,5 3"
— /f/dna( an// A B A

8. Lel xe (A B)u(8\A), Then xe ANB or xe BNA.

MNew i xeANB  Then  xe A and x¢B.  So
X € AuvB (because xe A) . Also xé AngB (becaunse
x¢8) Thus xe (AvB)~(AnB) R

CAnd 7f xe B A  then xe B amd x¢A. So -
Xe Av8 (because xeB8) . Also x¢ AnB (because
X¢A). Jhus xe (Avd)~ (AnB). o
- So m e//z/er case x<e QuEB)\(4nz), [ lus
(/2\ B)v (B A) € (AvB)~(AnB)

_Lel xe (AuB)\(4nE) . lhen xe AvB and xé Ans.
.. fergel Jor a minale thal X¢An8 and comcentrale
on The fact Thal xe AvB. B

L MNow i xe A, Then x ¢ &  because x& An&

. S0 xe ANB. Tthus xe (ANB)u (B~A)

Ped f xeB, fhen XEH  because x¢ An8

. Se xe B\A. Thus xXe (AB)u B~A).

. So in silher case XxXe€ ANB)U (BNAS. Thus
AYBNANB) € (ANB)u (B A) . (ABYU@BA) = (AvB)(AnB).
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n. Llel xe S~ (ph /-\)>  Then xe S and xff /}A Ay
€ A€,
- So xe S and x¢ Aao f;r some el . Thus

X € S~ A, . Soe xe ?\UA (S\/'\A> . Thus
sy = oA
Now o M sther half Jo complele e proof

A€

2. (a) R~ §o} () RN [1,2]

/3,:::(4) im(£) = SxeN: xisadd} 6) Ff s -

) £ is mol onto @A) dom(f) = wm@)
@ +7) = ()2

W @) dom(t) = B~ i-z? 6) imlf) = RNII]

@) 7[—//><> zx/(1-%) ) + s /njec//'ve

]

/5. [ot /(x):.s bor each xed  Then £ iy nol /-{ .
/é‘:__ /_ef‘ Fix) = X+/, ﬂe_h £ has an. inverse, /'-fx); X-/

/7 lel f6)= xtz  and 7 be defivned by

., FE)=9(3) = a, GW=b, g)=c, 9k)=d, gD)=e.
“‘7—Zem ? /s wmol I—/) éuf ja/ rs 1=/,

19 Himt: SM//o:e /+2+3/--~-/—h = nint))/z.

n(n+d/z + (n+1)
(777"/)(_'2 41) = (rr)nr2),
= z

Then /| +2 43+ .---4+n -/—(‘r)-}-/)

It
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20. é/'n/: SW&S& /FBFEE 4 - (2?7—/) = n% Then
At B34S ot @n-l) t (2ntl) = Pr znd) = (41

Al LeT Pt ée The S/al‘ém@?lz 7 w351 s Aivisible é/pév,’
Then FPo) is frue  because  pirsp s Aivisible by 4

Mow Scf/ﬂ:é Thal Fpr) s 7(?’M€_ Then 7%tsn /s
d/'ux's/é/e é/ 6. So
N GOREAGID B A 1 T L AT L Lo S
= (Prsnd + coprd + 6
S cach of the [fhree terms on e right hand
s/f/e /'8 4/{'1//'.3‘/15/6 é ;7/ 74//ow.s That (77*/)3 1‘.7_5‘./{73‘;/):
/s divisible by 6. (/Va(e n(nt)/2 /s 4/»:;_91/5 ,
.. an /MZ%/Z/ becnuse e/ Mher 7N /S even or ntl /s eg&g.)
Thus Pty is frue. Since = was aré//rmy)
M follows  Thal o) = Fhr) /s true for each pep

.'.:5/ the Ist Principle of Mathernatian! Indacton
7@”&«/& 7&442‘: Pn) Js Frue orall neN. Thus
773;#574 ’s //'w‘s/'é/e é)/ A 74177"‘%//“’776‘//{/.

22_/{42{ %e //,'6/;!621 7’/@2; znv+_(',< ,?I"ﬁ’..“.z// rzs

.. (see Example 0.1/) . Suy/oose.., nf<z2” and nzs.
Then  (n+))?

7né+ znrsr

< 2"+ 2n+ 1
<

24 Hint Su/a/:ase i<z ¢ f0<F 8 ... 4 )<z’ .
Then  £i) = Fo) ¢ At Fon-2) < 274 277 2772
< 2"+ 2727 =2 2742”7 = 2",
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25 Hint: SM/:fose f(n) < 2. Y and n=zz Jhen
f{?H/) = V/ 3+ #n) < ‘/3+;,¢ = V&4 </5,75 = 2.¢

26. twnt . SM//Dase_ Flk)= =532 50 5% Ly icksn,
Then  Frw) = 8 A6) - 15 Fla-)) + 6. 27
" [-5,5”4- 5""+2msj _ /5‘.[-5‘.3”:/-/ e anz] L g 2"
= [Feorzs]. 3" + [8—3].57-/ + (16-15+3]. 2%

+/
= -5, 3" L7 4 32

n+¥
2. At §W0:e F6) = 5.2%+ 2,635 for osksn, N
- Then f(n+/) = £. f(n-/) - f(”) |
= &.[s 2" 2. D] - [s.2"+ 2.3 |
= (30-10). 2™ 4 (124 6)(3)"

! n+|

= 52" + 2.¢3)™,

3. lel {em)= ” i 7 /s aa/p/:). and /éz): -n ;/7.7,’.,; cven ,.

30 Soz/ vse A 1s a cowuntable S,eZz anAd B< A |
A s //n/'/eJ Then B /s also finile and so is cowniable,
SE A s et //n/fe} Then i s z,-%mz‘aé/)/ /h///?/’./é,) So
 There /s a 1~/ énc//én £o AN which 7s onlo , Define
- J P By é)/ 9¢)= ¢  Ffor each te B, Then g s

1=t and hevce B s éjw'—/oa//énz‘ % im@), Now
Mm@y 1S a subsel of so é/ Theovrem 0./4 m(9)

)

1S counlable .  Hence B st also be cowunioble
eV ZGZL ‘ '—r-f(/ﬂ) = f n - : ,",[ sl IS pild
/ (=N // Wole Pyén,

Then / /s /=1 zzi'rl,:/ 6’#’?£{J. /?empm;é@,- J /s
746 cel a/ /aos/‘//ve /'ni‘eyers
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32. The /)’JD//Q é/ pndunction on m. /f /s Jhe sel
0/[ all (oﬁs/anlz /poé/nom/a/: wilh /n/%er c&f%&;'pné_
 So g S /'usf Z an/ hence /s cow'zfaé/e.

Mow sy ose £ is .coun Z/aé/e, lel 7/;2’(5_?/;,%-
ée /ZZA'VZE/ 5/ |

F <k, pt)>) =  X.pKx) + k -
ﬂen /( /'sf a |-/ an// on o A/Mc///oﬂ. Sc) |
...ffn /)ﬂs 742 Samé fdm//'na//// a8 Z,X’fq. /9“7‘
Sy Jheorem ate  ZxPB s counlable | Hewce
s )5 counTable

L Thus by e Fincjple of Mo, Zndchon | B /s
tountable dy  cach ne W.

34 //S /S couw/aé/f— , Tt /'/ rs %M"l/zi/@ﬂfl I .
Csubsel of T let £ S>T be 4 funclion That
L Jives This eguivalence . Lot N = imll) and define
L he indesed fomily 183,40 as follows:
By = Ax where k s fhe valwe such Hal f)sn.

SThen U By e U A . But U 8, s comtebh

éy Thecorem 0.17 Hence Ag)s /qk Is CaUﬂ/ﬂé/é

33. . 7%6 562Z a/ a///oaéznom/a/s ,\witﬁ/ m/e(/er roeyéfz';(;m/:
IS /‘Msf U/N' £ . Ths /S a caan[ﬂé/f Union
ne <
of countatle sels . So by ﬁt{é(em,éﬁ,_a//

N %O/OWS Thal UWB' I's countable

ne
5. For each pen Epp) s 74'”/'7} becanse =
/Oa//wamfa/ of ééji‘ee 7 has al wwost n vea! vools

- S/.‘,”(f 5 /s wuﬂfﬂé/e/ P(é//” gg(f) L « caun_/qé/gl
union of finite sels. Hence %8&) v countable .
. pon



32. The /mvr//s é/ pnduclion on m. /07 s Jhe sef@
0/[ all (oﬁs/anlz/ooé/nom/a/: wilh /n/‘%er C&ffé‘//'(/?n/fs{h
- So 5 S /'u:/ Z an/ hence /s 5oun7ézé/e,

L Neow Su /056 5 is coun Z/aé/e. lel /:Z'X5 w i /R

ée é(zﬁ'nen/ é/
£k, pbd>) = X.px) + k |
Zém /( /'sf a / =/ an/:/ an/& 44467//‘0»7, S
K has The same (ﬂr//'n&?//’// as Zx B .  But
o // Jheorem o.16 ZxXFE s c:oun‘/né/e, /4/@:445
ﬁf, /.: (own/ﬁé/e. 7 :
o Thas by fe Frincple of Mol Tnduction | B 7s
 counlable fy  cach ne W.

34 // ) /s cowun lable , Tt iF s ej«ﬂ/ﬁ/@n/ /o a
subsel of T let £ So>T be a  hunclion That
j/’ves Jhis ézw'lfd/@”“f . Kel A =:1'm.(/) 4"’{/ %pﬁne
e indiged 1£mm'// {8:3pen as Follows:

By = A where k ;s Hhe valwe such Hal fl)sn.

_Then U8 U A B MLJJLSH IS Counlabl

é)/ The cvem 0.17 . Hence Ae(‘JS /4/< /s Cﬂu»fllaé/é

33. 72/8 S,elz o/ d///oaénom/a/s wié\/ /M(z(eyer roe/ﬁ@‘en/;
L Is /'Ms_f | ”gjwfi, . This s a counlable wunion
of countable sels . So by  problem 3¢, iF

/3//"“’5 Thal U B s countzable
NemW

35. /:0—7’ each /75/5, 569) /s 74}7/'72 becanse
/oo//nam/a/ of %jree 7 has at wost n veal vools
Since £ /s countable, U, BlP) o «a counlable
union of FLinite sels. /-/enfjj Fﬁ/P BlF) 1o countasle.



36,

39,

Llel 6?" = pQP 3(/) wéeye Egp) ard B, are as
n fraﬁ/em 35.n Then the ,Se,fﬂ/ 4/j.eé’“’.c
. Num bers /s S/M/Dé/ mé/..T Kn But 7% s /3JZ{:ZL

A oL /ﬂé/e unrson 0[ coct faé/e. S:e’z,zs' ‘ /4/6%66

Uy O b5 countable. Thus Tha sel of styebrarc

T ned
L muwmbers js counlable,

B Let 7@(): C o+ (X-d>.(d—c)/(é—é) . Then /)J/'s d" /—V/ 4;7/
) onto Luncbion from [a, 6] 7; [c,c/] L

#l’lt:
X = X1 X ¢ K4Y = XY = X ¥ < Y4V = Y
2z Zz 2 2 2 = 2 Tz
#. 0§ (x-y7)" = X-z2yxV +Y .
So 2 VXY s x+Y. Thus Vxy < (X+ﬂ>’_)/_2‘,. ,,,,,
s Lel >0 éej/'ven, and .S_Wme X=  sup A.

45,

Then  x-g < x . So X-g /s wol an upper
bound fir A (because X was The feasl wpper

.. bound fir A). Herce Thew wmust be an aeh

- Such Thal X=é< 4. '4/50; e - S

_bound for A, we know _asx. Thus x-e<asx.

L Lel €30 be given, and Ssuppose Y= intA. Then
Yie >y, So yte i3 gl o lwer tound for

A (éecause Y was /Ze jr‘exfesf /aw éﬂynﬂ/ 7@,» /]).

A/@MCQ 7/2&”6 ’WIM.S'LZ ée an dé‘/] S'MC.A /%ﬂZL a< Yte
/7)/soj Stce YV was a fower bound for :/4/ we
 kvow Ysa. Thus YSa< YteE
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The basic 1dea m Frsblewes 39- o /s I O

rove
 The re;wre/ results by //aeoz/nj 014// L Me /2

 Aviowts for Bo Real Mawsbers om p 25500

3 Suppese x<r s/m faro, F folbws hom

_Axiom /%mf 2 < Y Y2,  Se X<

X = X/? +X/z by Axs g

< Xz 4+ Yz by Ax 8

Yz t.xfz by Arz

< Mo Ve by AxBagen

= b é/Y /4;3’ 2

LSwmee  xfor yfa = (XtV)/2  Fem AX 3
/;17[0//06“5 . Jhal

X < X+Y

. -

<

4’7 /Vzé A’MN 7;Dw1 721—07@%4 2.19  [fhal A any X
So 05 WX-v7)" =

L m“////?/y & .S‘/M/)//A/ e
17—/ 7 7
= X2y +

L So  2XY £ x+Y

pv.we/ /lémae (X+->/>/Z

4L a) SMPP o<a<b.  Than

A= /(1< a.a < 4.b < b. é /y Avl  used re/éa/e/éf
So 0< at<b”

)t We kvow o<k 20515 by deb ST
Swpese B</i & gel a iontradiction

W2 Frst pove xpy<afb < xb<ay. Now we te
_faels Tl

xlr#)< (WW & .(&.‘.’25,,,,54.(8#!). __
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37 §u/)//me A /s —?7%/1/&!/2%% o PA) . Then we can fond
A é(/'/e&//'on Fio Ao PA)  Now lef

C = Sxeh: xé£6]

Thew C /s a subsel! of A. So (e PA) Srnce
£ s a é{/écf/'on} we can Find an eloment a e/
S‘qu #at /(a) = &, NMow —eilher ac( on ag’ C .
But 1t aeC , Then acf@) [becanse C-= t@) |
and  so a ¢ C J/ e detinition of <
Avd 4 adcC , Then  a g ‘@) [because < = 4]
aund So ae( é/ He oAefinition of C.
Fence we cadl ael and we can? have agdc

which 1s a contradiction. . AV mol e;w/y. z PA)

@)

#43. 4 = gré A . 7ri< Z}, 5073/2056 A has a /4;7e:[/

_e/emenf, Call it L Then Le R ; 42<2) and
far &?M)/ elemenl ae A ) a < [ (éecgure L /s
e /arjesf element of /4>. Since ¢ @ & 1*< 2
/€A, Henee /<L Now et

S = 2-L%
2L+

Then S e R because 2-L%el) & 2l+e R,
and § >0 lbecause 2-/% >0 & 2L+ >0 .

lef a= L+§. Then ae H and a4 > L
Als o a’l = (L%-S)?‘ - [24 285L +8°
= L 4+ Sf2L+5)

< [* + 2-L% {24+/> e~ bec.  d<
2Lt b 5=

= L5t (2-0%) =2
S Al <z So ge A Bul a>l whik
60”/.’54//‘55‘5 %ﬁ éZ’Z% d/é. Heunce A has no /drﬁerzzé/éiﬂé’n/',

2-,°%
22+



Crpaprer 1 1)

l Take & 7»  be any /p&s///'ve M ber < /3

INaw i Pr B ;£¢J fAG’M we can 74n¢/ a zZeé R

A Zef &= |x- Y)/Z and P= (x-¢, X+ ) , Q= (Y+e Y—{)_

- Bud  fhen (x<y| = |x-2z+z-vY]
< Ix-z| + [Y-z]
£ g , S
da M) = € + £ because ze P4 za A
R R
X Y = 2€ = I><j>/|

mwhlléé :/"S a (am/rﬂ/('cll/'on. So : /_Dn @ =g

2. Hint: e X A
— | ( * L
Lt §= mm {(xtg-v = y- o)} . v-8 v+8
Then (7-5, v+5) < (x-£, x+£)

4. for each ne T, 3747 = B+ > 3,
Also 2nt7 = 2¢7 < /0. Sooa. [ower

Cbound s " and awn wpper bound rs 1o,
5. 7500 %dM//FS Aré . <(- "> 4@4_(1+(—{)">11 -

6. (1) Llel £>0 be j/ww. Take N= [/e]+1 | Then N>l S0 <E.
So for ﬂ// M2/V7 lS’-l-'/n—S‘\
= I s N < €

/—/amce 7%\2 sczmen(e {5+ '/n>::‘ converges 7&, =

| (b) /'__/l_n__lf’ i Take N = [:z/a‘] ol [then N>z, So
Thus /2-Zﬂ _(—zj{ == 2 £ 2 < ¢ ,7%74//
n N

n
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6. (c) /q/_w/ Take N= [Vel FI. Then N> //g/ S0 Wwece

Thus for all 720, |zt ] =
n

< L < &£
n N

W) Hinti Take W= Guelri. Then N> 3e 5o Ywwes
Thus Hr ﬂ//W;/V) /iﬂ__z/_; 2

271 z 202n44)

< 4_%7 55‘«3?\/ <&
7. (a) S’M//)a:e lan converges % A. [lel £50 be i/'w’n.
Then we can Fnd an Nell such lthalt for a2/
n=z /N [An-A] < & . _
Se Aroall nxN (Gn-4)-0] = Ja,-A] <« .
Thus  (an-A) (0/;:/?776& %o o©.

(&) /e //’ﬂ/ J/ e comverse s :/'mi/a/‘,

g . §u//ya:e Gnd> converyes 7o A. Lleleso de svew
 Thenn we can Fd  an Ne N such %ﬂf 7§/a//,

-qo;/\/) Jan-A] < &. So 7%4//;7;/1/)
(bn - A = [Znt dner - A

2

= /aﬂ'A'+ 4n+/—'14/

2- 2

< /Z_V_’_;_’i/-f-{ﬂm/—/‘}/ Z

Hence <by>  converpes B A

VM
+

Nim
1]
\)

9. S\u«//ﬂre <a») ranve7es 7% A and Gn> Jaw/{’ye! Zﬁ,a_
, Zef £>0 be j/'vﬁﬂ. Jhew we can Knd /V,eW) Ny eV

Such  Thal o all M lo - Al < £
and Sov all n= A ) /by - Al <& | lel V= max{ﬂ’,//\’z}_
Tt /7;7 all 7z NV, A-¢ <a, < A+e  and A-c< b, < Are
Se for all wzny, A-s < dn SChsh,< Ate.
Thas For ol nz=M, [en- Al <& . Hence <en>

(onl/ff]es ﬁ;_ /7 .



. /
lo. @) M //’ /ﬂn’/q/<£) ‘ 7/)?% //ﬂ',q/-/A//s /gn-,q/ <& @
&) The convLrse /s ,74?/.58 . Look al LD

". lel E>04e 7/'ven. We £now Hoal 72206 /'S an /Veh//vr
L such Thal  for all ns N, A = o .
So 7@7 ﬂ// 7z /V lan - o(/ =

- /4(/»4:5? <an> converses 76 o .

/4. Aénf %ﬂée é=/. Then we can //n//é;_fz Ne W SucAu N
Pl for all manEN  |dn—am] < €=1. So
v all n2 N, |an-dy) <1,  Llet

S = mMiIn i “I; 421 45)

Then for  a/ ne T,

> My, Iy
Ssas M.,

/f Ze/ E>0 be /7/1/2;4 Smc‘e Can> 47,,/ (é) are émé/
e can Fud W and Ky such fal

e an—dm] < &z hr all mnst,
ard  |bpn-bm| < &z for all mun= =, .
- Llet W= max (N, N}, Then For all mns=nN
@b - (4,,,+bm)/ - /(ﬂ» Am) + (bn- M/
| S [(An-am| + [bn- bm)

| = &z + &2 = &
/J&nce (dn+b,,> /S a Cau;/:/v sejmence.

/@ﬂz{/ 'LTrle &é.ﬂ?rv/e Thal Cauchy Seguences are bounded
S0 we can fnd M>0 such Thal fr all wnsy
anl S§ M and [bn] < M. New simce <an> and (b
are Quc/r/) we can tmd N and Y, Suck Thal



/6 ,dn-—dm/< é/ZM é)’ l// 77)7)'72.”;
- and [én - bm | < €/2M S Al m,mz N, .
Fut N= omax SN, N} . Then

/ﬂnén - AAm bm/ = /4'15/: - Aan é,m * 4"6’”'4”’ é"’/

£ [an].- /’én','ém/ * /;qn".”m/'/ém/

< M. (&g)zm )+ (E/2m). M = &,

n m

o it Jap ] - p ) )

i we  know al me=n

A% e Mz v (M Mz} s one example .

9. ktin: neT keT} . The sel of accominlation
/Dﬂ/-n/s‘ /s- g, (S-ee /raé/pm /? ..’!/‘“)

2. [01] is one emample. 21, {27 neT}

2% (0 Suppose x ¢ S. We have [ show Mal x is anm

o accummnlalion /”f'f’f of S. lel >0 be Z.”."ff.’:

. Simee x= sup (S) = least wpper bound  forS
L X-E /s _mel an .?f//".?fors. _ So we can find
ae S such Zhat X-£< a< X [7€meméw X¢S )

Thus  each 7?474‘54“?40'60/ of X conlaiis a
member of S w hich & //’//(r-e_nf From X fowee

X onust be an ﬂ:curnu/a//‘onfan;f of S.
(&) T/L,e case In WA/&A X = /h//S') /S S lar
Tust suppose x¢ S aud so on.

,z’v‘M Obsevve Thal — bn = @n #60) - ay and  thal

<4Vl*én> dn% (dn) aré wnl/Mjen/ sezuencz:.



)

26 /he sequences <—'n>::, omd (n+ my. — arve ynéowndg/}
and  hence ol con vergen L. Bul (—wrnitny =(n
L bich /s con z/eyenz‘.

27 &65911/5 71/142‘ 6n = G bn /67,, amo/ 7hal (Gn é,,) /IS
co%t/frj&m.ll and <and converges L A #o.

28 _&f_f 9///'/)%/2 Jwo cases: Casel(i): a=o Case (1)) a #0
.. Gase (i) : el £50 be j/'ven, ey %ere_ /s an MNMeN
such Thal for all n2N, [an -0] < £ <o
Lrv all n=N, /\/5,, —-0/ = Van < &€ .
L Caseli): lel >0 be j/'vem. Ful ¢'= eva . Then §’>o.
So There /s an Ne N cuch FHhat For =l 72N
|an - 2] < €°. So Sov all nzN

V&, -va | = lan —a) s lan-al < &'_ ¢
\/a—n‘f va \fa- \/&.

3 Z{/ﬂéj_ Z.e/ E>0 be j/w/fn. Jhen  we can /r'n/ NV eN
- such Thal ﬁr all n=N , [Gn=-A)< /2 . Als o simce
L Aa-A) w0 nverges L ©  an-A i hbounded . So we
 can Fovd an M>o0 swuclh thal For all nz/ /d,,-/?/\(/‘/_
o Mow  led N, = max (N, (2muf]ri} . Then N > 2mMn/e
AMX 741/ A /N = /1/,

/6{”—/1’/ = /4+dz+---+a~+--,+0n _,4(

n

n

R Ty e

n
W
N~ -
<7’7-N &
SM';,N S Two 2
/O(H’A/ < M/V..;. ”—/(/_é < M./V_,L_g_
n 7 2 N, 2



32 (a) I 4) o <) 2,
d) 0 ey -i/# &) o.

3% g)’ 742 Armm/a/n é'_xae»_@//é 0.70 , ‘4'4 = 24 (_//2>w.—/
_:,_So 7%.2 S%uenw: "?"’}/374" /6 2 .

3% <<T")z-” (1= Vzn)) converges VR |
LENTT (1= enen) Y converges o—1.

35 ‘Zej 7, ..7 sma//eszz mfejer fueA 72’42 /d,, = Xl £ 7.
A/Ver /e/nu?f BRI Ne .. e /e:/;/ﬁ:e

277 y’/<

Such Thal [Rn,,, - x| < Y(k+1),
/be Sl That X Js an acg@mu/a%/‘on:/a;a;'nf
of fa, : ne T¥ allows wus [p choose such '/,V"éjfff-.,:
The Suése,;we,,me Ry s Any y9nyg , - - C27 VETTES

h x,

en =.;,,5m4//esz’ inleger [arger Than 7,

36 Hint Splif inle_Two cases S
Gasel) . fay: meT} (s finile. Jn Thic exse
mbins /e/ any  rerms of The seza(mce wu.r/ be
e same. Jhe saé:efmrwc con_sv:f/nj a/ WM ejm/
terms will be convergen!

_CLaseli) © §an:mneT] s /;)[/'n/'fe S/nce fhe :ezu!nté
IS bounded | Thé sel JanineT} 5 bounded s, é/

| the Weicrstrass Thm This set has «t least 1 //M/f/pa/hz‘,
- Now  use /;{oé/em # 35

3/ _/_I’_ﬂ_ll ZQZL A= /'ﬂ')[;d,,tnéf]. Show 7%42‘ (a,> C&MV€7CS‘
o A . Problem 0.45 osnay be Ae//h[u/



[Aﬂrp/e’r 2
. Take [ =-4. Led €50 ée/h/fw. Choose &= &. Then
S>>0 and Whenever o<(x-(-2))< 8 we Lhave
['9-L] = [(x%9)/x+2) - (-4)]
- = [ (x-2) + 4]
= [XtZ] « § = & .
Hence Ly has o il as x Fends T -2, 7he

3 Am/f /s of course L = -4,

Ml Take L=-s5. Llel £330 4e rven . Chosse § =&/>
tlnt s

Then 8>o an/ W/Ienfz/er o< /x—(—z)/ < & w e /MVc'

|00~ L] = [(2x%3%-2)J(x+2) — (=5) | = + .- =

= 2[x+tz] < 28 = &£,

. One C«aM/J/f ’'s f(x)

{ 1/ (2x~1) ¥ x#lz
0 o x= Y2

0"'6 &(AM//Z /s /Zx )

)]

;/ L xz -z

; N

S‘M//ﬁe L, #Lly,  Take £ = /Zf‘lz_//?. Then &>o0
- Sinee L, Is a limi? of f as x Feads /a‘Xo/ we
can bad 8§ >0 such lMal |
//(x)-é,/<g whenever 0<[X~Xo[j<§ and xed
/71/50' Since [y v a //3’)7/'/ a/ as x tends /5)(0/ we
can fmd 8,50 suck Thal

[f0) - Lz] < & whenever O<[n-x,) <8, and xed,
LeZL S = omm fS,) Szf, Then & >0 Since X, was

o~

L.an ﬂCCétmn/a//b/) /’79;"/ &/-(7 we can Fnd



5 /W/n/ X, c¢d Such hal v<(X,-X,)< 8. Hence
Ly =La] = [l - Fx) + {(X!)"ﬁtz!
< [£e0-4] + (Flx) - Lo
< £ + &£ éec. O <(X1-Xo)<§
Thus /l Lz < /L, L, / — a c‘an/rﬂ//&’ﬁo” ’é/f"é{

e wmust have Lz.

4

b.. WNo. Consider the segueme (Ypxy . Thes
Elnmy) = Leos(nnYy  which  Aves ol converge.
[ cos (77 alfernales belween -1 and ] Hence fx)
_canno?  have a /[mil as x ferds £ o

Then S>0  and ME’MW’V ;0</?‘f,0/<5,4‘/:€,},‘4!{}’:.,
//(K) L] = = [X]. |eos (V)]

< !x ,1 because  |eos(hx)| <)

3 _/f’_’i!méf _Z=._Z. | Z6’z£>o be j/x/eﬂ. Céw.ce S— E/z
_Then $>0 and whenever  bcix-i/< s we have
[fpo-L] = - = [x%il

A=t {xn)

< oz (x-] becavse  xe (o,)
<

28 =&,

‘7 M. [/—r’mf £ a/oes not /mve a limil al x=/ because
- /ﬁd «Aunclz/an é/om/: wp af / . Look at EX@M/’/Z 2.5
‘ dn;{ Mminic :ﬂe fdea a:e/ M]



/0. IF £ has a tmil al o and > v « :e/aéuee
 which converges o o0, Hem (f@nyy shonld converge
fo Thal Jiwil.  Now <n > converges % O and
(/ (’/n)) = <(’/ﬂ)l/”> = <//_77 Vn> which caMVﬁ“/&r 7 7.
Jeve  He fimil o f £ al o hlas % be z-.

V. Hinto se Theorewt 2.1 and Exercise 9 of C”/zéz//‘e,—j,
/2. _/6/_/_{1_21 &'/Sc Thesrem 2./ m/ Exereise 10 o/ C%ay/é’r /.

3. Thee funchon L&) = x-(x] bas o lriwil 4/ X,
i and an// A Ko b ol an integer.

4 / will have a /M/Z‘ 4/ X4 //‘an,/gné}/ X, =

CRAXSt g, /?0«//:4 S/'ﬂZd/é_/hj/ This rs becawsce any
77674502/“%00/ of Xo conmltains bolh ra //’onﬂ/ and tiral-
ronal /0/}7/ A 77pmu.¢ /rﬂ/ /58 0/ course féju/'rf/ i

5. Hint: Losk at the Prav_/ of The Feorem 1n Ch. 1 ubid
 stales that Caw,ﬁy seguences  are 404%{7&4&‘, The
éa;/? /4/24 is as £//QWS.-

Llel anS  be vy Sequenz A ={X,3 50”‘/%/'”//5 X%.
Lel e>0 be 7/1/”7. Then we cam fvd a néhd Q
. 0/ Xo Such thal
[fx)-#0) < € whenever  x,y ¢ Z)n(é?-{x,i)
Also  since {any = Xo | There v a NeP such lhal
dn € for  alff n= W
- Hence  for gl MmN e have Gn 2, & Dn &—on}} and
So  [t@-famf< e Thus Flay> o oa Gushy sep.

and so /s con l/f'yaw/- Mow Lse Theorem 3.).



/6. i/_'_"lz/ : 7Zne //m/z/ /'S ~1/6 . Ulse

Theorem 2.4

7. 7716’ 44W\c74'an Ad.s A /m//ﬂf Xo //M/ anéf/'/
Xo /s mel an  pdd /'x(z/?ér,
5. Hink: The lmit s e
Use He Sfacl Tal (Fx -1 _ VTR -1 JER 4+
- X X L VTEw ¢/
S , ’
Ve

A finl: The hmit s v . Use He act Bk for
Xx#o, {6y = /TR es) |

0. This Is an easy  preblem,

Use  Thesrewm 2.1 _and Theorem /.12,

20 We shal proe te resall w te cace where £

A5 increasing. (Make sure fhal you do He cace
where f o dereasing).

Llel B = swpffio: asx<b] . Lol £>0 be gien.
—Then (8-g) is ol an upper bound For {1t): asx<b}
S0 we can Ffind X, € [a,6) such that
) Let § = b-x, . Then J?o an/ﬁ (4)74:({{{1/:{(,:
L 0< [x-b6]< S we haye , |

[F&)- B8] < [fx)-B) bee. flx)gfpws B

= B-f) < e,

Hence f bhas a limi! af é) namaé; £

Ao Take A= nf{Fe) a<xsb] . Then we
 Can _;/zow /2?42‘ 7%2 //}'n/'/ 0/ /[ a/n h A} S/""’”é’/}’.



25 We have £ [a.6] > R and g s detined as o lows.
w9t s sup i) astsx},
. We are 7/ven 7%42‘ f has a lim't «t Xo  and /44/
L AR < A We wanl T prove that g has a

X2 Xp

it al X,

/Vaw é/ /mé/em 24 we see 7%42‘ 7 wz// haue A /mzl‘mzm
el n and al b because g js increasing. So we
&Méx have [l prove T ,7‘(5”// for Ka,_‘w’,% A< Xo< b
Llelt UG = jﬂ/,{.jé\’) L < Xx €6} and

L) = Swp {9(): asxcx,y

W will show Bal L) = g3= Upy.  Frem
 this // o’ea//fv A//ow: %ml‘ g Aas a« //M/f al Xo

L Suppose LD < g6). Simee Fx) s g, by Be def

. of 2, it olows Thal  for all x wHh  acx<x,

K s Sup 7 O0: A€ X< Xo) = LlX)

_So fp) = lm £y € LY.  Bul Then

L gy = Sy iEmiasxssd LD
W/I/'cA c‘an/ra //'c/s e /ac/ fA“Z{,,,, Lixs) < ;’(X° L VIVWa

we —mu:f Aave L) = g% .

S/o«mr/‘!”é’/ ,/‘ ?(Xo)< UCXQ we W/// 7@2‘ a :an/m//;/mn 7

Hevee L(x) = 900) = Uixy and we are dene.

27 (@A) Ihe [imil of £ al Xe v toe ff  for each M>o)
Mhere 1s a Eso Such Thal |
Fx) > M Whenever o< |x-x,|<8 and xé (abh]
(5) One Cxcmple /s Fix) = Cyx2  xao | (@:6] = [-1,1]

t X =0

The limil of £ 4l p ,, +ew.



Chit2e He forow Hal F607) = £60.18) o all x,yel

| and  That {;1«_1:0/@() exists, We panl Z‘o/rm/e Thal
| //X#ia/éo exists for all aeR. We alo wanl
th show Thal /[im /éf)=ﬂ) or £6¢) =0 fr al xR,

X>0

There are two cases | eilher /{o}=0 or /29)-%/.
Séf/ﬂ&é F@) =o0. Then for each XxeF we have
| /) = Flx+0) = F060. Fp) = o

Q‘So frm flx)  enisls For cach aeR . Also £1%)= 0
‘ﬁr‘ x;; xe K .

So s’affo.re Yoy +0. Then £ = Ho+o) = ). £6)
and so L) =1 Ao %r each xeR
[=£ (@) = [fExex) = JEx). Fx)
So  Fe)#o pr each xel. Moreover
FOY = F(fatte) = 7((72>,/(’/2> = /(’/z>z>0)

O = I - D = A

| Se 4 (//92'9 = f@) ygn‘ Since 5’,—0 > 0 ag N->w
‘/./ 74//0&05 ﬁ?af L
fom i) = Jim /(&”} = Im *F = (w Cht # 38)

X0 7> oo Nn=>o00

Ind

Thus /z;:gof(x)= 1. Also 4/(/;; F6) enusls for cach

A & R becanse

im F5)= Jm -a ra) = fm f5-2) o)

XS>A X> A

= I, y) 4@ = 1 @)

So in e Lirst case we jof 4_/:»2 /6() exist & f{x) = 0
and 1n e Sewnd case a/e‘?oz[ /’5"_1,,[@() //X!’SZI & /:f_r‘in /é()=0.



