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MHF 4102 - AX. SET THEORY FLORIDA INT'L UNIV.

TEST #2 - Spring 2007 TIME: 75 min.
Answer all 6 questions. Provide all reasoning and show all
working. An unjustified answer will receive little or no credit.

1 (a)
(b)

2

3 (a)
(b)

4 (a)
(b)

5 (a)
(b)

6 (a)
(b)

Define what is a non-trivial limit ordinal and define
ordinal exponentiation.

Prove that for any ordinals «,f,y we have oY = of.aY .
[You may wuse any results vyou need about ordinal
multiplication and ordinal addition.]

Simplify (a) 4 + (0.3) + o? (Ordinal arithmetic)
(b) (0.2 + 3)? (Ordinal arithmetic)
as far as possible.

Define what are continuous and increasing class-functions

from Q to Q. [Here Q = class of all ordinals]
Suppose that £:Q - Q 1is a continuous and increasing
class-function. Prove that we can always £find an

infinite ordinal  such that £(B)= B.

Give the definitions of the following cardinal
operations: K+@, K.p, K
If x is a cardinal, prove that K.k = K2.

Define what is a choice function for a set A.
Suppose the set A can be well-ordered. Prove in ZF that
the power set of A can then be linearly ordered.

Define what is a cardinal k and what is the cofinality of
a limit ordinal, A.

simplify N,.2% + N,.2%  (cardinal arithmetic)

as far as possible.
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[.(a) A wion - Trivial /J;Qﬂf%z)fa//hd/ /S any 0r5//}4a/a(>0 Swch
_ fhal Hhere exists 2o ara/z'ﬂﬂ/ﬂ, w el o(.-_/é}f-/’
Ordinal %/onenﬁ&f/bn /s Ae bned Fransfonite recursion

Hs /c fows 0(0 == D(ﬁw = Ofﬁ. -4 and

J /
OCA = SM/g{o(r.' 0<)’<A] L) is oa nen-triv. limit ovd.

O We will prove Bt P 2 b i by transhinite
;m&/uc/ﬁon on . Jf =0, Thon

o 0 = OZF' becaus e [é-{-ﬂ =0
- ot becavse §= 8.1
= ol w? because %= 1
Now Su/oare The vesult /s Frue For ¥ Then
wBHor) L Oy ) e

= o(/gﬂ’- X éy/ﬂe Aef d—//_?(‘gi (ﬂ/x/p
= (o('g o(]_). x bec gesull 7s Frie b ¥
= ozﬁ. (o(a’. o() be ord mdt /s assoc
= ol x by Jhe Aef. of ond exp.
So if the result /s Frue for 3/) it will be Frue for ¥+,
/C_/nd//// S //.o_re the yesult /s Frue Jov all 7<) . Then

O('BﬂH = 5(773 BT V< :’\} bec. @fﬁ /s a it od.
- s(,f {a’fg o(a’: 0(<)\} bec. resclt is truetfor ¥
= soy{o(ar: x <A bec. su [o(a’-'o«z\f /s a lim. ord.
= (;(P, 0(’\ é/u Hhe dAdet a/ ord. Qx/’

Seo // fhe resu/t Is Frne Hor all Eﬂ(/\/ /71 W///éefruf’
br X, Heunce é/ B Tranchntle wdactsn /9,,',,(,7;/6;)

The resull is Frae v ol 7. Since xx B were £1 xed
bt aré.«'fmry, A4 is all frue For all o .am//.? :



2(a) Yt W3F WP = oy p (et ) - WP
= (4 +tw)rwrw + w?
= sa/a{{,cfn.- n<wl # Wrw » W%
= W Wrw o+ W
= w2+ Ww= W.(3+0)
= w. 5%{3%k:£<a)} e R0 = W

¢) (w.z+3)" = (W.2+3) (w.2+3)
= (w2z2#+y)w2) + (W.2+3). 3 el distr.
= {\WPWT'g\{,U‘]' 2 & {w%zx)%—g}_s
¥ w WS B = W 3 Jecause
(Wrw+3).3 = (Wr@r3)s(0rW+3) HWFWES)
= wrw+ (3+w) + W+ (3rw)t+ w +3
= Wt W FW Wt W FFE = Db 43

& (u)-!-Wf-B).w = S&(/Dg(édfa)+3).)’).' n<wf
- 5I"f/’f(“”’““”3)+ cees + (WHWE3): a<W]
T A tmes
= RO (gf‘-"’““’fwr_rg 3 m=< W]

271 [ ivin€s
= sup [wanes: m<w} = w2 becauwe
T Su/)g.éd.[ln)j'ncw} s .5{.70{641.(,2}?)-{-3')9((0_;
< s»y{a)-(;)nf,‘) -'n<an = w?

3w A clyss- ﬁmé]ébn L e D28 o conttinumous 1f 76:*43:«;7
_ wan—/n'w'a/ Limit ordinal ) , /@): Soy f/(o() P og Aj .

/] C/ﬂSS Amcﬁbm 7[: S2=¥5) /s fﬁcrea:x'nj }/ o(</g
;;fm//ies £ (o) < f(ﬁ) .



3() Sme )[ /8 /M(nfasfnf we Fuvowws by g Jheorew n
| class Heal Pl ser Hre il s 52 Now 1 £
_ 7[(00):40, fake /6=“J and we are done. Oher-

wise, Aefine The seguence (ﬁn}ngw as Fo llows .
le /@,O - w and for N&E 0 /uf ﬂnﬂ = f(/éf,,) :
Sivice 7[ /S WCréassn we Hhave ”
w< #(Bo) < /({({20))<-»-- < /E/g*’)c"‘
' (@o</@,<(@z<.,---- Cﬁn.< .-
L&ZZ /2, — SM/ f/g,ﬂi 7’)(&)} . Né c/:.’wm //—?ﬂz B 1S
won-trivial limil ocrdinal. Suppose B = T+, Jhen
7 |
,fvr Some 7, ,we must  have ﬁn = 9’;;( a/zersz.rc
- we Woa../f! k;«?V& F).—. S(_A./Dfﬁn : n(a)} < 7Y ) i 5:47‘
_7Z.en [5”0*/ = 7[@’&) > VH which wonld contradicl
¥ 7%6 %gof 7%‘;1_2‘ /g = J+1/ #6{462 ﬁ; /£ ﬂaﬂ-%ﬁ‘u/a/

limit vrdinal. Stnce /[/ns sonlrinuons we Aave

| 7£(‘9)= sup { £ x) :o(<€} = Su {/(F?D:n\ek)} =
Se /n eriér case we 74%);/;/ s o fonile  ordnal

powidh AB) =5

é/(a):. K+ m = [Kxfo) ukx{;?}/
KoM = {KX/M l} and /C'/{ = (r\?(/"/'{)!-

(—5).[@’( 9 KxK = F(2,k) be Hhe functon defined

.57 - g (<o<’,(3>) = {,{P e hese {/’P L2 = K
i b 7%-'8 7&”67[/02’? ;)1/?/3 é‘y 7[‘0(‘9 (.{j) = & ﬁﬂﬂ/
”7[“/{9 C!) = F . Jhen / s a byecz’/w . So

| A

s e [RXK|

= ,\?(Z/ K) bec . KXK 2 j[z,k)
E Kz'



5 (a) A chosce 'Téﬂc/fan for A ix any T LI A
_doma/‘w A Scich  Thal /(X)E/( 74”‘ each 100 -
- ewm /}v sel” x /A,

(é') Ze/<-’ be a wel- aw/é’rz}?j on A We dJdetfrne
a relation X on PRA) as follws . Lel X and
Y be any vo dustivict slewienls of P(A). Then
X#Y and XcA & YA, S, (X-Yulr-X)#=d&.

- Since <r4,<> re 2 we//—‘dm/erea/ S‘éZZZ/ Q(—)’)U(}’-X)
has a simalles? elewmenl | g, say. Pt
X <V it me¥
and Y < X (f a,e X
Then (PR, <> will be a Inearly ordered sel.
The swmallssi ofepnest sE FA) (wennder —() w il e
@’ and  the /(7,:7-?;/ !l be A. ”—<” éa.r/?'ﬁr///
extends the subsel relation mlo =z lnear am&r/’fy_

6 (a) A cardinal k¥ ;s any ordinal & swch thal Hor all
X< K oKk,

The toé)»m/rév of A is He swmalles] ordinal & such
| /%aj ?%ere el _s‘e?ueme (O((g 4 F<¢9> 4 A wz7/{
supiog: peok= 2.

@ ¥ 2™ o, 2
= mWax (f(,} 23\/') + max (3\/(,_; 23‘55) (mm on Card mu/%)
= 25‘\'; +~ amax Q\’g, 23‘0) bec. N < 2?('
= amax (z?fa, X Zﬂf") @sz - Q?,(M{_ 44/;{,7[/'0);)(
o !

i bec. N,s2 ' & 2 ‘sz

1)



