20. Let C be a collection of sets and E an elenent in the
o- al gebra generated by C. Then there is a countabl e subcollection
G O C such that Eis an elenent of the o-al gebra A, generated by

G

Pr oof : Let’ s denote the o-al gebra generated by a coll ection B of
subsets of X by o(B). This neans, for exanple, that E € o(C). Now
let A’ = {o(B): BOCand Bis countable}. A little thought
reveals that A’ J C. To finish things, it suffices to showthat A’
is a o-algebra, for thenit follows that E € o(C) O A', and thus,
that there is a countable subset GG of Cwth E ¢ Ay = o(CG) from
the definition of a union of a famly of sets.

To show A’ is a o-algebra, it suffices to showthat A’ is
cl osed with respect to conpl enentati on and count abl e uni ons. That
A" is closed under conplenents is sinple because if F ¢ A', there
is a countabl e subset B of Csuch that F € o(B). Since o(B) is an
algebra, [F € o(B) O A'. That A' is closed under countable
intersections requires a little nore work. Let {E: i€l} be a
count abl e col |l ection of subsets of A’'. For each i, there is a
count abl e subset B, of C such that E ¢ o(B), the o-al gebra
generated by B,. Let B' =[{B: i¢€l}. Since B' is a countable
uni on of countable subsets of C, B' is a countable subset of C
Hence, o(B') O A'. Because B OB’ for each i, E ¢ o(B) Uo (B'")
for each i. Consequently, [{E: i€l} € o(B') OA'", and we are

finished. i



