32. Let Y be the set of ordinals less than the first uncountable
ordinal; i.e., Y={x ¢ X: x <Q}. Showthat every countable
subset E of Y has an upper bound in Y and hence a |east upper
bound.
Pr oof : Let’ s denote the order on Y inherited via Proposition 8
of Chapter 1 by <. Suppose that Eis a countable, non-enpty subset
of Y. For eachy € E, let

S ={xeY x<sy}={xeY x<y}}O{yl}
From Proposition 8 of Chapter 1, S, nust be countable for each
y e E Thus, S=0{S : y ¢ E}, acountable union of countable
sets, nust be countable. Fromthe proof of Proposition 8 of
Chapter 1, Y nust be uncountable. Consequently, Y ~ S nust be non-
enpty. Cbserve that fromthe sinplicity of the well ordering and
our friendly De Morgan's laws, Y ~S=n{ T, : y € E}, where
T, ={ xeY: x>y} for eachy ¢ E. Thus, if y, € Y~ S and
y € E, theny <y, Thus, any element of Y ~ S wll be an upper
bound for E. Evidently, fromthe well ordering, the set of upper

bounds nust have a | east elenent, and we are finished. i



