33. A subset S of a well-ordered set Xis called a segnent if
S={x&egX: x<y}

for soney ¢ Xor S= X Showthat a union of segnents is again a
segment .

Pr oof . Suppose o is a collection of segnents of X. If ois
enpty, thenld =0 ={ x ¢ X: X <y, }, where y, is the | east
el ement of X under the well-ordering. Likewse, if @ = X we have
nothing to do. Thus, we may consi der the case where X ~ @ # 0 and
@ is non-enpty. In this case, none of the segnents in o may be X
and consequently, there nmust be a non-enpty subset E of X such that
o={{xeX: x<y}:yeE} Let y,be the |least el enent of
the non-enpty set X ~@. W claimnow that

@ ={ x &g X: x <y,}.
First, X~ =n{ X~{ xeX: x<y}:yeE} fromour
friendly De Morgan’s laws. A routine argunment using this reveals
that we nust have { x ¢ X: x 2y, } OX ~ @ . Thus,

@0 { x e X: X <y,}.
The contai nment cannot be proper, for otherw se, we have a
contradition to y, being the least elenent of X ~ @ . Thus, we

must have equality, and we are finished.



