21. Let E be a set of positive real nunbers. W define Y x to
XeE

to be sup{ s : Fes }, where 7 is the collection of finite

subsets of E, and s is the (finite) sumof the elenents of F.

a. Show that } x <o only if E is countable.
XeE
b. Show that if E is countable and <x,> is a one-to-one
[00]
mappi ng of N onto E, then > x = 3 x,.
XeE n=1
Pr oof . (a) Suppose that Eis a set of real nunbers with

sup{ s : FeF } < oo, where 7 is the collection of finite subsets
of E, and s is the (finite) sumof the elenments of F. Let S
denote this supremum For each n € N, let

E.={ x ¢ E x =2 1/n}.

We shall show that E, is finite for each n ¢ N. Since we
plainly have E = [{E,; n € N}, this will inply that Eis
count abl e.

Let n € N be fixed. Suppose nowthat Fis an arbitrary
finite subset of E,. Then we nust have |F| - (1/n) < s £ S, where
F| denotes the number of elements in F. It follows that we have

FI <n-Sfor any finite subset F of E,. Thus E, nust be finite
and cannot contain nore than n-S elenents. Thus, we are finished
proving Part (a).//

(b) FromProblem2-18, and its proof, it is evident
t hat
[00]
T= 2 X
n=1

exists either as a positive real nunber or o, and is, in fact,
t he suprenmum of the increasing sequence of partial sunms. Since
each partial sumis a finite sumof the sort used to define

S= > x,
X€eE

it follows that T < S. To see that T < Sis not possible, it
suffices to observe the following: If Fis a finite subset of

E, then there is a largest index J of the elenents x, € F, and if
S, is the partial sumwi th index J, then s < s;, since the
partial sumis over all of the nmenbers of the sequence with index
no larger than J.//



