47. A continuous function @ on [a,b] is called

pol ygonal (or piecewise linear) if there is a subdivision

a = Xy < X; <... <X,such that @ is linear on each interval

[ X,.1,X,]. Let f be an arbitrary continuous function on [a,b] and
€ a positive nunber. Show that there is a polygonal function @
on [a,b] with [f(x) - @x)| <€ for all x € [a,Db].

Pr oof .

Suppose f is continuous on [a,b] and € > 0. Proposition 20
inplies that f is uniformy continuous on [a,b]. Thus there is a
d >0 such that if x and y are in [a,b] with |x - y| < 3, then
f(x) - f(y)| < €/ 2. Fromthe Axi omof Archinedes, there is a
positive integer n such that (b-a)/n < &. Define a regular
subdi vision of [a,b] by setting x;, = a + | -(b-a)/n for j an
integer with 0 <j <n. Evidently x; - X;.;, = (b-a)/n < d for
each j with 1 <j < n.

Now we shall build @ If x € [Xx;.4, %], set

e(x) = (x - x;.0) [OE(x) - FOx.0)/(x - xp.) ]+ F(x.0) .

bserve that there is no problem at the endpoints of the sub-
intervals where we have overlap. Cearly @ is a pol ygona
function defined on [a,b].

Finally, we verify that ¢ satisfies the desired inequality.
Let x € [a,b]. Then there is sone integer j with 1 < < n such
that x € [X;.,,X;]. Using the triangle inequality, we have

T(x) - o(x) [ < F(x) - f(x) [+ (X)) - e(x) |
< (e/2) + [f(x) - f(x.1) |
< (el2) + (&l2)
< 3
si nce
(X - Xj.4l < 0% - X,/ = (b-a)/n <
and



