52. Let f be a | ower sem continuous function defined for al
real nunbers. What can you say about the sets {x : f(x) > a},
{x : f(x) 2a}, {x: f(x) <a}, {x: f(x) €0}, and

{x : f(x) = a}.

Solution. From Problem 2-50, Part (c), if f is |ower
sem continuous on all of the real line, the set {x : f(x) > a}
must be open for each real nunber a. Observe that this is, in
fact, f*((a,o)). Since
{x 1 f(x) saf =f(-00])
= f4(R ~ (0,%))
= fYR) ~ f*((a,))

R~ {x: f(x) > a},

and {x : f(x) > a} is open, {x : f(x) < a} nust be closed.
Evi dent |y,

{x : £(x) za} =f([ae))
f-*(n(a - (1/n),))

= nf((a - (1/n),)),

where the intersections are over the positive integers. Since f
is | ower sem continuous,

f-i((a - (1/n),0)) ={x : f(x) >a-(1/n)}

nmust be open for each positive integer n. Thus {x : f(x) = a}
must be a G. Simlarly,

{x: f(x) <a} =f1(-0))
= f(0(-»,0a - (1/n)])
= Of ((-o0,a - (1/0)]),

where the unions are over the positive integers. Since f is
| ower sem conti nuous,

fi(-0,a - (1/n)]) ={x: f(x) <a- (1/n)}

nmust be closed for each positive integer n. Thus {x : f(x) < a}
nmust be an F,. Finally we are left to deal with {x : f(x) = a}.
Evidently, {x : f(x) = a} ={x: f(x) £a} n{x: f(x) =2a}. The
first set is closed and the second is a G;. Since each open set
is also an F,, we may view {x : f(x) = a} as an F,; Is it really
sonmething sinpler --- like nerely a G?? {x : f(x) <a} is

closed, and hence a G;. Thus {x : f(x) = a} is the intersection
of two G; sets, and thus a G;.//



