3-2. Let <E,> be any sequence of sets in the collection of
nmeasur abl e sets. Then m(UE,) < M E,). [H nt: Use Proposition
1.2.] This property of a neasure is called countable
subadditivity.

Proof. From Proposition 1.2 and its proof, there is a sequence
<F,> of pairw se disjoint neasurable sets with OE, = OF, and for
each n, F, O E,. Thus, fromthe countable additivity of the
measure and its nonotonicity, Problem 3-1, we have

m(OE,) = m(0OF) = 3m(F)< 3mE).//

3-5. Let A be the set of rational nunbers between 0 and 1, and
let {I,} be afinite collection of open intervals covering A
Then 3 1(1,) =21

Proof. Since Ais a dense subset of [0,1], and ADOOI,, it
follows from Proposition 2-10 that

[0, 1] = A o diI, = ar,.
Thus
m [0, 1] = m(A < nr(O,) < Sk (1,).

Thi s, however, does the job since the outer neasure of an
interval is its length, fromProposition 3-1, so that

the outer nmeasure of the closure of each of interval I, is its
l ength, which is the sane as the length of 1I,.//

3-6. Prove Proposition 5.

5. Proposition: Gven any set A and any € > 0, there is an
open set O such that AO Oand m(O < m(A + €. Thereis a
G e G such that AO Gand nt(A) = m(GQ.

Pr oof . Let A be any subset of the real nunbers. If {I.}
is any countable collection of open intervals that cover A, then
fromPropositions 3-1 and 3-2, nmf(O < >m(l,) = 3> I1(l,), where
O=10,is clearly open.

Let € > 0. If nm(A) = o then we don't need to do anything,
for any countable cover of A by open intervals will do to provide
an open set with the inequality m(O < nft(A) + ¢ satisfied, and
n(O = nm(A = oo [Open sets are also G; sets.] Thus, we need
only consider the case where nt(A) < . Then, since nfF(A) + € 1is
finite, fromthe definition of outer neasure, there is a
countabl e cover of A by open intervals, {I,}, with
SI(l,) <m(A + €& If we set O=10, then Ois open, AU Q
and fromour observation in the first paragraph, we have that
n(O < nmr(A + €. To produce, an appropriate Gy set, for each n
in N, there is an open set Q, such that A O Q, and
nt(A) <nmr(Q) <nm(A + (1/n). G=nQ plainly will do as the
desired set.//



