4-15. a. Let f be integrable over E. Then, given € >0, there
is a sinple function ¢ such that

[

O/f - ¢ < e.

Je

[ Apply Problem 4-4 to the positive and negative parts of f.]

b. Under the sane hypothesis there is a step function
Y such that
[
O/f - g < e.
Je
C. Under the sane hypothesis there is a continuous

function g vanishing outside a finite interval such that

[

O/f - g| < e.

Je

Proof. (a) Let € > 0. Deconpose f into its positive and negative
parts so that f = f* - f- with both f* and f- nonnegative. From
Problem 4-4 there are two increasing sequences of nonnegative
sinmple functions <¢,> and <@,> with each function nonzero on a set
of finite measure , Ilim¢, = f*, and limy, = f-. By applying the
Monot one Convergence Theorem and using the hypothesis that f is
integrable, it follows that there is a positive integer so that
{f* - [o, < €/2 and [f- - [P, < /2. Set ¢ = ¢, - Y,. Then, since
f - ¢l < |[f*- ¢, + [f - ,], (a) follows by applying Proposition
4-15 and Exercise 4-10.//

(b) By applying Proposition 4-15, Exercise 4-10, and the triangle
inequality for absolute values, we may assunme f is an integrable
sinple function that is nonzero on a set of finite nmeasure E
Unfortunately, E need not be an interval, and thus, we shall have
to work a little to apply Proposition 3-22. Let E, = E n [-n,n]
for each n ¢ N, and let f, be the function defined by f, = f X,
where X, is the characteristic function of E,. Cbserve that we have
limf, =f and |f,| < [f|, which is integrable on E since f is.
Thus we may apply the Lebesgue Convergence Theoremto the sequence
of functions <|/f - f,|> to see that there is a positive integer n
with [|[f - f | <¢€/2. Nowf,is a measurable function that we may
viewas living on the set [-n,n] by abusing notation alittle. [If
we were to be quite proper about this, we should distinguish

between f, and its restriction to the interval. W won’'t do so,
however . ] Plainly, since |[f| is integrable, the set where f,
assunes the val ues *o nust be of neasure zero. |In fact, since f,

is sinple, there nust be a nunber K > 0 such that |f,| < K a.e.
Applying Proposition 3-22 to f,, it follows that there is a step
function, Y with |f, - | < & except for a subset B of [-n,n] of
nmeasure less than o, where 6 = mn(e/(8K), €/ (8n)) with the step



functi on bounded by the sane constant K. Since we have

I-n,n]‘fn - lIJ‘ s IB‘fn - lIJ‘ + I[-n,n]~B‘fn R lIJ‘ < 02K+ 2n-0 < 8/2a
ail the pieces are in place to apply Proposition 4-15, Exercise 4-
10, and the triangle inequality, and we are finished.

(c) Again applying Proposition 4-15, Exercise 4-10, and the
triangle inequality for absolute values, we may assune f is a step
function that is nonzero on an interval [a,b]. Nowthings are nuch
easier than in part (b) since f is assuned to live on an interval
Sinply apply Proposition 3-22 with € replaced by

O =mn(e/4K, ¢€/(2b-2a)), where f is bounded in magnitude by K
Then there is a continuous function g defined on [a,b] that is
bounded by the sane constant Kas f with [f - g| < & except on a
subset B of [a,b] of measure |less than 6. Consequently, we have
[tam T - gl < [olf - gl + Jlap-elf - gl < 82K+ (b-a) 3 < ¢ and we
are done.



