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Read Me First: Show al | essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Do not "box" your answers. Comunicate. Show

me all the magic on the page.

1. (10 pts.) (a) Using inplicit differentiation, conmpute dy/dx
and d?y/dx? when sin(y) = xy. Label your expressions correctly

or else.// This is Problem 21 of Section 4.6. First, we observe
that d(sin(y))/dx = d(xy)/dx inplies that dy/dx = y/(cos(y) - X).
Consequently, after differentiating one nore tine using quotient
rul e, replacing the occurances of dy/dx in the expression for the
second derivative, and cleaning up the al gebra, we obtain

d?y/ dx? = [2ycos(y) - 2xy + y?sin(y)]/[cos(y) - x]3 Observe that
this is equivalent to the answer found on the online E&P goodi es.

2. (5 pts.) Use a linear approximation L(x) to an appropriate
function f(x), with an appropriate value of a, to estimate the
value of 65%3 [This gemis Problem 29 of Section 4.2.]

/Il We may use L(x) =f(a) + f'(a) (x - a) with f(x) = x?%2® and
a =64 =2°% Performing the requisite prestidigitation results
in 65%3 = L(65) = 2% - (2/3)2% = (2% - (1/3))2° = 95/ 1536

3. (5 pts.) Wite dy in terns of x and dx when

y = sin(2x)cos(3x).

dy = [2-cos(2x)cos(3x) - 3-sin(2x)(sin(3x)]dx after a routine
differentiation.

Silly Bonus: Suppose f"(c) < 0. By setting € = -f"(c)/2, using
the €-0 definition of limt on f"(c), and renenbering f'(c) = 0,
we see there nust be a nunber & > 0 so that if h satisfies

0O< | h| <9 then | (f'(c + h)/h) - f"(c) | < -f"(c)/2.
Qbserve that the inequality | (f'(c + h)/h) - f"(c) | < -f"(c)/2
is equivalent to f"(c)/2 < (f'(c + h)/h) - f"(c) < -f"(c)l/2.
Thus, by unw appi ng the absolute value, we see that if

0< | h| <9 then 3f"(c)/2 <f'(c + h)y/h < f"(c)/2. By

remenbering that f”"(c) < 0, we realize that whenever h is a
nunber that satisfies 0 < | h | <&, f’'(c + h)/h nust be
negative, and so f'(c + h) and h nust have different signs.

Let’s now see what this tells us about the signs of f'(x)
near c. Suppose X is a nunmber that satisfies ¢c - & < x < c. Then
it follows that -d < x - ¢ < 0. QObserve that x - ¢ is a nunber
that satisfies 0 < | x - ¢ | <dand x - ¢ < 0. Thus, fromthe
par agr aph above, we have f'(x) =f'(c + (x - ¢)) >0. Simlarly,
if x is a nunber wwth ¢ <x <c¢c + 9, then 0 < x - ¢ < d.
Consequently 0 < | x - ¢ | < dand x - ¢ > 0. Thus, again using
oour work fromthe previous paragraph, we nmust have
f'(x) =f'(c +(x-1c¢c)) <0. Hereis the picture for purposes of
applying the First Derivative Test:

‘ f'(x) >0 ‘ f'(x) <0 ‘
\ \ \ >
c-90 ” C N c+o

Using the First Derivative Test, f(c) nust be a |ocal maxi num
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4. (4 pts.) State the Mean Val ue Theoremof Differenti al
Cal culus. Use a conplete sentence and appropriate notation.

If f is continuous on the closed interval [a,b] and
differentiable on the open interval (a,b), then there is at | east
one nunber c¢ in the interval (a,b) with

fr(c) = [f(b) - f(a)]/[b -  a],
or equivalently,
f(b) - f(a) = f'(c) (b - a).
5. (16 pts.) Fill in the blanks of the follow ng analysis with

t he correct term nol ogy.
Let f(x) = 4x® - x* Then f'(x) = -4x® + 12x? = -4x%*(x - 3).

Since f'(x) >0 when 0 <x <3 or x <0, and f is continuous, f

IS i ncreasi ng on the interval (-o , 3). Al so,
because f'(x) < 0 for 3 <x, f is decr easi ng on the
set (3,). Qoviously, x =0 and x = 3 are critical

points of f since f'(0) =0 and f'(3) = 0. By using the
first derivative test, it follows easily that f has

neither a local nax nor a local nin at x = 0, and

local maximum [ Better: absolute max (Wy?)] at x = 3.

Since f"(x) = -12x®> + 24x = -12x(x - 2), we have f"(0) = 0,
f"(2) =0, f"(x) >0 when 0 < x <2, and f"(x) < 0 when x > 2 or

Xx < 0. Thus, f is concave down on the set
(-0 ,0) O (2,0, f is concave up on the
interval (0,2), and f has inflection points at x =0
and x = 2.

9. (a) using L"Hopital’s Rule :
(1 + 18xt)¥2 - 1

(a) lim((x? + 18x)Y2 - x) = i m
X - o X - o x 1
(L'H -9x73(1 + 18x°t ) Y2
= lim
X — 00 'X_2

9 [1st Step: Algebra to 0/0]
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6. (10 pts.) (a) Find all the critical points of the function
f(x) = 3-(x2 - 2x)V3, (b) Apply the second derivative test at
each critical point, c, where f'(c) = 0, and draw an appropriate
concl usi on.

First, f'(x) = (2x - 2)/(x? - 2x)%3 = 2(x - 1)/ (x(x - 2))%
for x # 0 and x # 2. Therefore, f has critical points at

x =0, x =1, and x = 2. Only at x = 1 do we have f'(x) = 0.
Qobserve that we have

[2(x2 - 2x) %3 - (2x - 2)(2/3)(x? - 2x)"Y3(2x - 2)]

fr(x) =
(X2 - 2x) 4/3

for x #0 and x # 2. It follows that f"(1) > 0. Since f"(x) is
continuous in an open interval containing x = 1, near x = 1 we
have f"(x) > 0. Consequently, the second derivative test, the
weak version found in E&P, inplies that f has a relative m ni num
at x = 1. [To see f"(1) > 0 easily, note that if x = 1, the
second termof the nunerator of f" is zero, and what remains is a
quoti ent of squares.]

7. (5 pts.) Suppose f(x) = x¥? on the interval [100,101]. Show
that there is a nunber ¢ in (100,101) such that

101Y2 = 10 + (1/2)c¥?

by using the Mean Val ue Theorem [Take care to tell ne about the
hypot heses that nust be satisfied before you assert the
conclusion is true for the function at hand.] /'l Qbserve
that f is continuous on [100,101] and differentiable on (100, 101)
with f'(x) = (1/2)xY2 Fromthe Mean Value Theorem there is a
number ¢ in (100,101) with f(101)-f(100):f'gc)(101-100), or after
substituting and doing the arithnmetic, 101Y2 - 10 = (1/2)cV?
which is equivalent to the desired equation.

8. (5 pts.) Find the function f(x) that satisfies the follow ng
two equations: f'(x) = 2-sec?’(x) + (4/m for every real nunber x
in (-2, wW2), and f(1W4) = 8.
/1 Since f'(x) = 2-sec?(x) + (4/m, it follows that
f(x) = [ f'"(x) dx
= [ 2-sec?)(x) + (4/m dx
= 2-tan(x) + (4/mMx + c

for sone real nunber c. From what we now know about the
structure of f, f(mw4) = 8 inplies that

8 = 2-tan(mw4) + (4/m (1W4) + c
Solving this little linear equation yields ¢ = 5. Thus,

f(x) = 2-tan(x) + (4 mx + 5.
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9. (10 pts.) Eval uate each of the followng limts. [If alimt
fails to exist, say how as specifically as possible.
18x
(a) lim((x? + 18x)Y2 - x) = i m
X — o X —» o (x%+ 18x)Y2 + x

18x

[im
X —» o |X]|(1 + 18xYH)Y2 + x

18

[im
X >0 (1 + 18xYH¥2 + 1

18/2 = 9 [Aternative: Page 2.]

exp(x3) - 1 3x%exp( x3)
(b) 1lim = lim
X -0 x - sin(x) X -0 1 - cos(x)
6x -exp(x3) + 9x* -exp(x3
= [im
X - 0 si n(x)

= 6

after you use |’ Hopital’s Rule twice and renenber x/sin(x) —> 1
as X —> 0 or sinply use |’Hopital’s Rule three tines.

10. (10 pts.) Evaluate each of the follow ng anti-derivatives.

(a)

LA 12
[0 7x® - - + 5-cos(10x) dx =
| X X3

x” - mIn|x| + 6x2 + (1/2)sin(10x) + C

(b)

2x* - 3x®* + 5
] e2x + e—2x _ dx =
| 7x?

(1/2) e - (1/2)e? - (2/21)x3 + (3/14)x% - (5/7)x* + C

after doing a little algebraic magic on the third termof the
integrand --- divide and conquer.
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11. (10 pts.) Sketch the graph of f(x) = 2x* - x* At the very
| east you should determne the critical points of f and intervals
where f is increasing or decreasing to do this. [If you run out
of room here in doing your analysis, work on the back of Page 4.]
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12. (10 Ets ) Determne the open intervals where the function
f(x) =X - 1)* is concave up and concave down. Then |ocate
any |nflect|on points. [Note: Do not attenpt to graph this
varm nt. Communi cate your results using conplete sentences. ]
Note: This is part of Problem 69 of Section 4.6. // After
differentiating twice very carefully and using the quadratic
formula to conplete the factorization of the second derivative,
you shoul d be | ooking at something resenbling this:

Frix) = 42x(x-1)2(x - ( (3 - 2Y2)/7)) (x - ( (3 + 2Y2)/7))

The roots of f” in order are 0, (3 - 2¥%)/7, (3 + 2Y%/7, and 1
By anal ysing the sign of second derivative, you can see that f is
concave down on the set (-, 0) O ((3 - 2”2)/7 (3 + 2Y2)/7) and
concave up on (0 , (3 - 2Y2)/7) O ((3 + 2Y?)/7, «). Consequently
f has inflection points at 0, (3 - 2¥%/7, and (3 + 2Y2?)/7, but
not at x = 1.

Silly Ten Point Bonus: Pretend that f is differentiable in an
open interval | that contains the nunber ¢ with f'(c) = 0.

Suppose that f"(c) < 0. By unraveling the definition of f"(c) in
terns of epsilons and deltas, show that there is a & > 0 such
that f'(c + h) and h have di ff er ent signs if 0 < | h | <35 \Wat
does this inply about the signs of f'(x) near c. [Details on
Page 1 ...]



