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Read Me First: Show al | essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Do not "box" your answers. Comunicate. Show
me all the magi c on the page.

1. (10 pts.) Pretend y is a function of x. Using inplicit
differentiation, conpute dy/dx and d?/dx? when y? - x? = 25.
Label your expressions correctly or else.

By pretending y is a function of x and differentiating both

dy _ oy -0 . which

si des of the given equation, we obtain ZyHY

. . dy:X . .
i mplies that x -y Consequently, a second differentiation

using quotient rule yields

vy - (y dY
(1-y) (XTW)

Y = () -
dX2 y y2
_ Y - x(xly)
2
_y?2-x%2_25
Ty YR

2. (10 pts.) Compute the first derivative of each of the
foll ow ng functions.

1
(a) f(x) = sec(x) f'(x) =
x[(x? - 1)ve
-1
(b) f(x) = cos*(x) f'(x) = ——+——
(1 _ X2)l/2
-1
(c) f(x) = cot(x) f'(x) =
1 + x?
1
(d) f(x) = sin?'(x) f'(x) =
(1 X2)l/2
1
(e) f(x) = tan?i(x) f'(x) =
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3. (16 pts.) Fill in the blanks of the follow ng analysis with
t he correct term nol ogy.

Let f(x) = 8x® - x* Then f'(x) = -4x® + 24x?> = -4x%*(x - 6).
Consequently, x = 0 and x = 6 are critical poi nts of
f. Since f'(x) <0 for 6 <x, f is decreasi ng on the

set (6,o). Also, because f'(x) >0 when 0 < x <6 or x <0,

and f is continuous, f is i ncr easi ng on the interva

(-0, 6). Using the first derivative test, it follows that f

has a(n) maxi mum [ gl obal or absol ut e] at x = 6, and

nei ther kind of |ocal extrenum at x = 0.

Since f"(x) = -12x®> + 48x = -12x (x - 4), we have f"(0) = 0,
f"(4) =0, f"(x) >0 when 0 < x <4, and f"(x) < 0 when x > 4 or

X < 0. Thus, f is concave up on the interval
(0,4), f is concave down on the set (-0 ,0) O (4,),
and f has i nfl ection points at x = 0 and x = 4.

4. (4 pts.) Find the function f(x) that satisfies the foll ow ng
two equations: f'(x) = 4sec?(x) + (4/m for every real nunber x
in (-w2,wW2), and f(1W4) = 16.
Since f'(x) = 4sec?(x) + (4/m, we have
f(x) = [ f'"(x) dx
= [ 4sec?(x) + (4/m dx
= 4tan(x) + (4/mMx + cC

for sone real nunber c. From what we now know about the
structure of f, f(mwW4) = 16 inplies that

16 = 4tan(w4) + (4/m(wW4) +c
Solving this little linear equation yields ¢ = 11. Thus,

f(x) = 4-tan(x) + (4/ mx + 11
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5. (10 pts.) (a) Find all the critical points of the function
f(x) = 3(x% - 10x)Ys3, (b) Apply the second derivative test at
each critical point, c, where f'(c) = 0, and draw an appropriate
concl usi on.

First, f'(x) = (2x - 10)/(x2 - 10x)?%3® = 2(x - 5)/(x(x - 10))?%3
for x # 0 and x # 10. Therefore, f has critical points at

x =0, x =5, and x = 10. Only at x = 5 do we have f'(x) = 0.
Qoserve that we have

[2(x% - 10x) %3 - (2x-10)(2/3)(x23 10x) ¥3(2x-10)]

fr(x) =
(x2 - 10x) 43

for x # 0 and x # 10. It follows that f"(5) > 0. Since f"(x) is
continuous in an open interval containing x = 5, near x = 5 we
have f"(x) > 0. Consequently, the second derivative test, the
weak version found in E&P, inplies that f has a relative m ni num
at x = 5. [To see f"(5) > 0 easily, note that if x =5, the
second termof the nunerator of f" is zero, and what remains is a
quoti ent of squares.]

6. (10 pts.) Evaluate each of the follow ng anti-derivatives.

(a)

[ 8x7 —.% —.;% + 20-cos(10x) dx =x® -In|x| + 6x2 + 2-sin(10x) + C
(b)
[ erre - X1T1AXP-14 . 1 gy =J.ex+ex—(x2—14x+14x2)+ L odx
X2 1+x? 1+x?

eX-e*-(1/3)x3+7x2%+14x t+tan}(x) +C

Silly Ten Point Bonus: Suppose the generic cubic function

f(x) = ax® + bx? + cx + d with a # 0 has exactly two distinct

real critical points. Mist this varmnt have an inflection point
exactly m dway between these critical points? Proof??

The answer to the question is ’yes’.

Since f'(x) = 3ax? + 2bx + ¢, f has precisely two real
critical points if D= (2b)? - 4(3a)(c) is positive, in which
case the critical Points are x;, = [-(2b) + (D Y?/(6a) and
X, = [-(2b) - (D)Y?/(6a).

Plainly f"(x) = 6ax + 2b = 6a(x - (-b/3a)).

Since a # 0, either a >0o0or a<0. If a>0, then
f"(x) <0 when x < -b/3a, and f"(x) > 0 when x > -b/3a. Thus, f
is concave down on (-, -b/3a), concave up on (-b/3a,c), and has

its only inflection point at x = -b/3a. Wwen a < 0, the
concavity on each interval is reversed, but there is exactly one
inflection point at x = -b/3a, too.

Finally, observe that x; = -b/3a = (x, + X,)/2. [Harder: Is
(x5 f(x3)) mdway on the line segnent in 2-space from (X, f(x,))
to (xz f(xz))?7?]
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9. (20 pts.) Limts to lanment. Evaluate each of the follow ng
limts. If alimt fails to exist, say how as specifically as
possi ble. For sonme of these, L'Hopital’s Rule may prove useful.

L'’ Hopital’s rule at all.

(b)
lim Sin(5x) (L:/H) lim 9cos(5x) _ 5
x » 0 tan(3x) X - 0 3sec?(3x) 3
(c)
X - 10 2 Tan(2x) X - 12 2sec?(2x)
(d)
lim 1In(4X+8) - |lim!n(4x = 8) - In(7x + 8)
X -0 X ;X+8 X -0 X
(L'H
= ||m( 4 - 7 )= —3,
X - 0 4x + 8 X + 8 8

(e) Suppose that A > 0 is a real nunber. Then

im ((x2 - MYz —x) = lim (L=AxHY2 -1
X — 0o N Xil
(L'H
lim (1/2) (1 + Ax 1) V2(-Ax 2)
X — 00 _X,z
_ A
VR

This may al so be done without using L' Hopital’s Rule. See
Spring, 2003, Test 3, Problem9(a). Merely rationalize the
numer at or and fol |l ow your nose.
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11. (10 pts.) Very carefully sketch the follow ng function. Use
all the data provided and | abel very carefully.

f(x) is continuous on R and satisfies the foll ow ng:

(1) £(0) =1,
(2) x #0 0O f'(x) <0
(3) [imf'(x) = -0 and [imf'(xX) = -oo
X - O X - 0
(4) x <0 O f"(x) <Oand x >0 O f"(x) >0
(5) f(x) —> 2 as x —> -0, and f(x) —> 0 as x —> oo,
yl
y=2
- . — — — — — —

R ~>W B

@® (o,1)
M (-0,0) ol comeart upM (4, ®),

12. (10 pts.)
Determ ne where the function f(x) = x* - 6x? is concave up,
concave down, and |ocate any inflection points it may have.

f'(x) = 4x3® - 12x and f"(x) = 12x% - 12 = 12(x -(-1))(x - 1)
It follows that if x < -1 or x > 1, then f"(x) > 0, and that if
we have -1 < x < 1, then f"(x) < 0. Consequently, f is concave
up on (-, -1) O (1, o), concave down on the interval (-1, 1),
and has inflection points at x = -1 and at x = 1.

Silly Ten Point Bonus: Suppose the generic cubic function

f(x) = ax® + bx? + cx + d with a # 0 has exactly two distinct

real critical points. Mist this varmnt have an inflection point
exactly m dway between these critical points? Proof??

[Details!! Wirk on the back of Page 4. You do not have room
here. ] [This is on the bottom of Page 3 of 5.]



