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Read Me First: Show al | essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Do not "box" your answers. Comunicate. Show
me all the magi c on the page.

1. (10 pts.) (a) Using a conpl ete sentence and appropriate
not ati on, provide the precise mathematical definition of
continuity of a function f(x) at a point x = a.//

A function f is continuous at x = a if limf(x) =f(a)

X - a

(b) Explicitly using the definition of continuity, find al

val ues for the constant c, if possible, that will nake the
function f(x) defined bel ow continuous at x = 0 . Suppose
O c?-cos(x/2) Xx =0
f(x) =
O sin(25x)/x : x < 0.

Plainly, fromthe definition, f above is continuous at x = 0
if, and only if limf(x) =f(0) =c? . Since
X -0

- _ .~ 25si n(25x) _
oo = i S
and the right-handed limt at 0 exists and has value c? f is
continuous at x = 0 if, and only if ¢c? =25. Thus ¢ =5 or
c =-5wll work.

sin(25x) _
X

2. (15 pts.) (a) Usi ng conpl ete sentences and appropriate
notati on, provide the precise mathematical definition for the
derivative, f'(x), of a function f(x).

The function f' defined by the equation

f(x+h) - f(x)
A

f/(x) =1im
h-0
is called the derivative of f with respect to x. The domain of
f' consists of all x in the domain of f for which the limt above
exi sts.

(b) Using only the definition of the derivative as a limt, show
all steps of the conputation of f'(x) when f(x) = (2x + 1)¥2

If x > -1/2, then

f/(x) = Ihin(X+h)h‘f(X)
- 1imf{2(x+h) +1)1’h2 - (2x+1) V2

- lim 2h - 1
heo A[(2(X-M) D) 72 = (2x+1) V2] (2x + D77
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3. (10 pts.) Locate and determ ne the maxi num and m ni num

val ues of the function f(x) = x + 4x* on the interval

[-4, -1]. Wat magic theoremallows you to conclude that f(x)
has a maxi mum and m ni nrum even before you attenpt to | ocate then?
VWhy ??

The rational function f is continuous on the interval [-4, -1].
Consequently, the magical Extrenme Val ue Theorem or what E&P cal
t he Absol ute Maxi ma and M ni ma Theorem guarantees that f has
absolute extrema of both flavors on [-4, -1]. Since

X2 -4 _ (x-2)(x+2)

f/(x) =1-4x72-=

X? X?
f has a single critical point at x = -2. Since f(-4) = -5,
f(-2) = -4, and f(-1) = -5, the maximumis -4 and occurs at
X = -2, and the mnimumis -5 and occurs at x = -4 and at
x = -1.

4. (15 pts.) (a) Sketch the graph of the function

f(x) = [x|®+ x% [Hnt: First wite f in a piecew se-defined
form] (b) Find the derivative for x > 0 and for x < 0.

[ These are two separate cases.] (c) Show the conputation of the
one-sided derivatives at x = 0. Wat can you concl ude from

t hi s??

(a)

CS
-
\4

-2 4 2
—3‘l
F(x) - %x3+x3 , 1f x=20 _ 2x3 , if x =0
-x%+x3% , if x<0 Qo , ifx<0O
(b) If x>0, then f'(x) =6x% and if x <0, then f'(x) = 0.
/ _{imf(0O+h)y-f(0) _,;: ,0-0 _
(c) f2(0) LLT - LLT_TT' 0 and
f/(0) = Ihifg]f(mh%_f(()) - Ihiarg]z_h;__o -0 inply that f'(0) = 0.
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5. (25 pts.) obtain the derivative of each of the follow ng
functions. You may use any of the rules of differentiation at
your disposal. Do not sinplify the algebra. [5 pts./part]

(a) f(x) = 7x3 - 3x® + 20x%"

f'(x) = -21x*% - 15x* + 1l6xY®

(b) g(x) = (x® - 7x 1) (25x% + 6x7°)

g'(x) = (x° - 7x 1Y) (50x - 30x%) + (5x* + 7x?)(25x% + 6x°°)
3t? + 7t
(c) h(t) =
2t4 - t3
h'(t) = (6t +7) (2t 4-t3) - (3t2+7t)(8t3-3t?
(2t4—t3)2

(d) L) = (x*+ x)*s

L'(x) = (8/5)(x* + x2)¥5(4x® - 2x73)

(e) vy = (x% - 2x72)25(10x%¥2 + 10x)°

QY - 25(x2-2x 7 #(2x+4x I(10x¥2+10)°
(x?-2x %) ?%(5) (10x ¥2+10x) 4(15x ¥*+10)
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6. (10 pts.) (a) Usi ng conpl ete sentences and appropriate
notation, state the theoremthat is concerned with the
i nternedi ate val ue property of continuous functions.

Suppose that f is continuous on a closed interval [a,b]. If
K is any nunber between f(a) and f(b), then there exists at |east
one nunber c¢ in (a,b) such that f(c) = K

(b) Apply the theorem concerning the internediate val ue property
of continuous functions to show that the given equation has a
solution in the given interval.

x® - 6x3+ 3 =0o0n[-1,1]
Explain conpletely. Deal with all the magical hypotheses.

Let f(x) = x*>- 6x* + 3 on[-1,1]. oserve that f(-1) = 8,
f(l) = -2, and K= 0 is a nunber between f(-1) and f(1). Since f
is a polynomal, f is continuous on the interval [-1,1].
Consequently, the function f satisfies the hypotheses of the
theoremthat is concerned with the internedi ate val ue property of
continuous functions on the interval [-1,1]. Thus, we are
entitled to invoke the magical conclusion that asserts that there
is at |east one nunber c in (-1,1) where f(c) = 0.

7. (5 pts.) G ve an exanple of a continuous function f(x)
whi ch has a point ¢ inits domain with f’'(c) = 0, but such that
f(c) is not a |local extreme val ue.

Per haps the sinplest exanple of such a function is f(x) = x3
which has a single critical point at ¢ = 0 with f(0) = 0 neither
a local maxi mumnor a local mninum That O is neither is clear
since x <0 inplies that x> <0, and 0 < x inplies that 0 < x3

8. (10 pts.) Find all points in the domain of
f(x) = x - 3x¥s3

where the tangent line is either horizontal or vertical, and
clearly say which points have horizontal tangent |ines and which
have vertical tangent |ines.

X2/3 _ 1 _ (X1/3_1)(X1/3+1)

Tk T , for x #0.

f/(x) =1-x?%3-=

Plainly the derivative of f is zero if, and only if x =1 or

x = -1. Thus, we have horizontal tangent lines at x = 1 or at

X =-1. Evidently, since zero is in the domain of f but not in
the domain of f', we should exanine the lint behavior of |[f'(X)|
as X - 0. Since

:oo’

X2/3_1
imit 00 | = 1im XL

there is a vertical tangent line at x = 0. So (0, f(0)) = (0,0)
is a point on the graph of f with a vertical tangent |ine



