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Read Me First: Show al | essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Renenber this: "=" denotes
"equal s" , "O" denotes "inplies" , and "<" denotes "is

equi val ent to". Do not "box" your answers. Comunicate. Show
me all the magic on the page.

1. (10 pts.) Conpute the first derivative of each of the
foll owi ng functions.

_ -1 / _ -1
(a) f(x) =cosi(x) f (x)-—z_ljyz_)_ﬂ_2
(b)  f(x) =sec?(x) Fi(x) = X(Xi_l)ﬂz
_ 1 -1 / _ 1
(c) f(x) =sin?(x) f (x)-—rit;aTﬁ
(d) f(x) = cot }(x) f/(x) = T;%7
(e) f(x) = csc(x) f/(x) = 1

X[(xT D) 72

2. (10 pts.) Pretend y is a function of x. Using inplicit
differentiation, conpute dy/dx and d?y/dx? when y* + x?> + x = 5,
Label your expressions correctly or el se.

By differenting both sides of y® + x> + x = 5, we obtain

2 dy _ : : : dy _ _2x +1
3y Ei'+ 2x +1 =0, which inplies that % Iy Thus,
dy, O
3y?) -(2x +1)(6
dy (23D - ( ) (6y ) 1
dx?2 O gy 4 0
0 0
6y(2x+1) O
- %yz + (2X + 1) —3y2 %
O Oy 4 0
0 0
_ _[i8y* + by(2x - 1)?H
O 27y°® %



TEST4/ MAC2311 Page 2 of 5

3. (10 pts.) (a) Find all the critical points of the function
f(x) =3(x%-4x)¥s

(b) Apply the second derivative test at each critical point, c,

where f'(c) = 0, and draw an appropriate concl usion.

F00 = (7 - ) (2e) = 2D

for x # 0 and x # 4. Thus, f has as critical points x = 0,
x =2, and x = 4. Note, however, that only at x = 2 is the
derivative zero. Since

f//(x) = 2(x2-4x) %3 - 2(x-2) (2 3) (x2-4x) V3(2x-4)
(x2-4x) 3 )

fr(2) = 2((_;14))42’3 >0

Since the second derivative is continuous in an interval
containing x = 2, the second derivative nust be positive in a
possi bly smaller open interval containing x = 2. Thus, the
second derivative test, the weak E&P version, inplies f(2) is a
| ocal or relative m ninmum val ue.

4. (10 pts.) Eval uate each of the follow ng anti-derivatives.
(a)

J10x9 . ; - % + 6si n(3x) dx = 10Jx9dx . BJ%dx - 8Jx5dx . 6Jsi n( 3x) dx

=x10 +3In|x| +2x*% - 2cos(3x) + C

(b)
4 3 3 2 .
[ER——" LR (1_)(12)1/2 dx = 3ex - X - X o xt-sini(x) +C
si nce
J2S1i7§;_i_£ dx = sz—rx + X2 dx
and

[(1——x12)ﬂ dx = sini(x) + C
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5. (10 pts.) (a) Carefully sketch the graph of y = tan!(x)
bel ow. Label very carefully. This may be found in Section 6. 8.
4

A\ 4

(b) Carefully sketch the graph of y = cos!(x) bel ow. Label
very carefully. This may be found in Section 6. 8.

6. (10 pts.) (a) (5 pts.) Find a function g(x) so that g
satisfies the follow ng equation:

J g(x) dx = sec?(x) e +2x5 +C

a( x) _gY( sec?(x) + e + 2x°> + C)

2sec(x) sec(x)tan(x) + 2e? + 10x*
2sec?(x) tan(x) + 2e? + 10x4
(b) Solve the following initial value problem

dy _ 2x - -
A% 6e> ; y(0) = 10.

I dy: 2x — 2x — 2%
First, a% 6e O y(x) JGe dx = 3e?* + C.

y(x) =3e» +Cand y(0) =10 O C=7. Thus, y(x) =3e? + 7.
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9. (20 pts.) Limts to lanment. Evaluate each of the follow ng
limts. If alimt fails to exist, say how as specifically as
possi ble. For some of these, L' Hopital’s Rule may prove useful.

(a) i m Sin(4x) (Ljﬂ lim . 4cos(4x) _ 4
x -0 tan(5x) x-0 bsec?(5x) 5’
o _ 1
- 2x% -1 _ . x3 _ 2
(b) 1M = L[T—Eﬁ 3
X

wi thout using L' Hopital’s Rule. You nmay, of course, apply
L'’ Hopital’s Rule a couple of tines to obtain the same nuneri cal
result.

(c)
i 2 vz _ 2 _ 2y — | 4x
LLT((X + 2X) (x 2x) ¥2) Ltg](x2-+2x)“2 XTI T
: 4
=lim =2
X (1 R 3)1/2 R (1 ~ 3)1/2
X X

wi thout using L'Hopital’s Rule by rationalizing the nunerator,
etc. You may al so evaluate this limt by using L' Hopital’s Rule
after doing sone routine algebra at the beginning, but it
actually involves nore work than the "tricky al gebra" here.

_ L’
(d) lim & -4 (LH o 8
x w2 tan(2Xx) x-m2 2sec?(2x)
S ! 4x + 8 _ . I n(4x+8) - I n(7x+8)
ims Il =) Lim X
(e)
S T e N A -
~ x-o0 |4X+8 7X+8 8’
Ten Poi nt Bonus: Prove
arctan(x)-rarctan(;) =.;

whenever x > 0. // Let f(x) = tan?*(x) + tan'}(x?!) for x > 0.
Then

1 1 -1
f(x) = 1o
(X) 1+X2 * 1+( 1)2 X2
X

for x > 0. Consequently, f is continuous on (0,0, and nmust be a
constant function. Since f(1) = 2-tan'’(1) = 1 2,
tan'}(x) + tan!(x?') = w2 for x > 0.//
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11. (15 pts.) Very carefully sketch the function

f(x) =3x* - 4x3 = 3x3(x —.g)

Do this only after you have conpletely anal yzed its behavior.
Anal ysis: f'(x) = 12x® - 12x? = 12x*(x - 1) Cdearly f'(x) =0 if,

and only if x = 0 or x = 1. The sign situation for the
derivative is bel ow.

f' <0 | f' <0 | f'" >0
>
N ‘ N ‘ 7
0 1
f"(x) = 36x2 - 24x = 36x(x - (2/3)) dearly f"(x) =0 if, and
only if x =0 or x =2/3. The sign situation for the second
derivative is bel ow
f" > O ‘ f" < O ‘ f" > O
>
l | N | U

0 2/ 3
Dots to Connect: f(4/3) = 1(0)

0, (1) = -1, f(2/3) = -16/27

Additional info: f is "like" y = 3x* for real x with |x]| large.

\ 4

, _

12. (5 pts.) A particle noves along the x-axis with the
acceleration function a(t) = 12t - 4, initial position x(0) = 0,
and initial velocity v(0) = -10. Find the particle's position
function x(t).// By doing sone routine antidifferentiations
and using the initial conditions, you can obtain

v(t) = 6t2 - 4t - 10 so that x(t) = 2t% - 2t2 - 10t.

Silly Ten Poi nt Bonus: On Page 4 of 5.



