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Read Me First: Show al |l essential work very neatly. Use correct

not ati on when presenting your conputations and argunents. Wite using conplete
sentences. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and
"<" denotes "is equivalent to". Do not "box" your answers. Communicate. Show
ne all the nagic on the page. Eschew obf uscati on.

1. (25 pts.) Conpute the derivatives of the follow ng functions.
You may use any of the rules of differentiation that are at your
di sposal. Do not attenpt to sinplify the algebra in your
answers.

(a) f(x)
(b) 9(x)

g’/(x) = (2x Y2+2x ¥4)sec(x) + (4x¥?2-8x Y4)sec(x)tan(x)

4x12 - 7x % + 8tan(x) f/(x) = 48x + 42x 7 + 8sec?(x)

(4xY2 - 8x V4 sec(x)

(c) h(t) = 22000

hi(t) - —5csc?(t) (12t - 5cot(t)(8t *?)

( 12t 2/3) 2
-60t #3csc?(t) - 40t Y3cot (t)
1441 773

(d) y =sin3(tan(26+1))

%'% - 3sin%(tan(26+1))cos(tan(26+1))sec?(26-1)(2)

= 6si n?(tan(206+1))cos(tan(206+1))sec?(26+1)
(e) L(z) =cos(8z% =+ 4csc(lZT) - 4csc(é)

dL
a7z ?)

“sin(8z%) (3229 - O-—(4)(—1)csc(§)cot(§)(_%)

-32z3sin(8z% + 2csc( é)cot(é)

9(b) Using only the mathenmatical definition of limt, provide a
conpl ete proof that

lim(7x+5)

X - -1

Proof: Let € > 0 be arbitrary. Set & = ¢/7. GCbserve that & > 0.
Suppose now that x satisfies 0 < |x - ( 1) | <3 W now verify

that 0 < |x - ﬁ 1) | <6|rrplles (7x + 5) (-2)]| < & Now
0 < |x- (-1 < 0 \x+1\<s/7
0 7/x + 1
O X + 7 <s
0 (7x +5) - (-2)] < .

Since, given an arbitrary € > 0, we have produced a nunber & > 0
such that, if x satisfies 0 < \x- -1)\ t hen

[(7x+5) - (-2)| < &, we have proved (7x+5) —> -2 as x —> -1.
[ Wthout scratchi ng.]
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2. (10 pts.) (a) Using conplete sentences and appropriate
notation, provide the precise mathematical definitions for
continuity of a function f(x) at a point x = a.// A functionf is
continuous at x = a if

limf(x) =f(a).
(b) |Is there a real nunber k, that will make the function f(x)

defined bel ow continuous at x = 0 ? Either find the value for k
and using the definition, prove that it nakes f continuous at
x = 0, or explain why there cannot be such a nunber k. Suppose

_Utan(mx)/(4x) , x #0
0 =g N Do

Fromthe definition of continuity at a point, in order for f to
be continuous at x = 0, it is necessary and sufficient for

_ 0 _1im tan(m) _ m
k =1(0) LL?f(X) LL?'__ZY__' T
The |l ast equation in this string of equations may be obtai ned
correctly in a couple of ways at this stage. Here' s one such:
Lim tan( ™) _ lim . Sin(Tx) . 1 _m
X -0 ax x-o \ 4 TX cos( Tx) q

The limts involving the second and third factors both equal 1
Another way is to reveal that the limt is a derivative!

3. (10 pts.) (a) Using conplete sentences and appropriate
notation, state the Internedi ate Value Theorem// If fis
continuous on a closed interval [a,b], and k is any nunber
between f(a) and f(b), inclusive, then there is a nunber X, in
the interval [a,b] with f(x,) = k.//

(b) Use the Internedi ate Val ue Theoremto prove the equation

3
Z

has at | east one real solution in the interval [51W2, 71/2].

/lLet f(x) = sin(x) on the closed interval [51W2, 71/ 2]. Since
sine is continuous on the real line, f is continuous on the given
closed interval. Now f(51mW2) =sin((mw2) + 2m =sin(w2) =1
and f(71M2) = sin((3M2) + 2m) = sin(3mW2) = -1. The nunber

k =-3/4 is between 1 = f(51W2) and -1 = f(7172). Consequent |y,
the Internmediate Value Theoreminplies there is at |east one
nunber X, in [51 2, 71 2] where f(x,) = -3/4 or sin(x, = -3/4.

sin(x) = -

4. (5 pts.) Reveal all the details in showi ng how to use the
squeezing theoremto obtain the following limt:

limx2siny(l) = o,
X -0 X

Expl anati on: bserve that for x #0, -1 <sin(1/x) <1 inplies
0 <sin?1/x) <1 and thus, that 0 < x2sin?(1/x) < x°

Since x2 —> 0 as x —> 0, the squeezing theoreminplies
x2sin?(1/x) —> 0 as x —> 0.
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5. (15 pts.) (a) (10 pts.) Using inplicit differentiation,
conput e dy/dx and d?y/dx? when x? + y® = -9. Label your
expressions correctly or else.

First, pretend that y is a function of x. Then

x2-yr=-9 0  $(x2-y) = 5(-9
0 2x «3y:d - g

%
0 dy _ _ 2x
ax  By?
Thus
dy _ _ 2x 0 dzy _
ax 3y? dx2 X( )

- ZDy (3y2)(dy/d><) H

l
2[]y3+2x2 5
30Ty 0
(b) (5 pts.) Obtain an equation for the line tangent to the
graph of x2 + y® = -9 at the point (-1,-(10)%Y3).

(10w - 2D (-
V- (1049 = - A (X - (F1)

or
y 103 = 2 (x . 1),
3(10) 73
The sl ope above is the inplicit derivative evaluated at the point
in question, (-1,-(10)¥%®. It can al so be obtained otherw se.

6. (10 pts.) (a) Find fornulas for Ay and the differential dy
when y = x°. Label your expressions correctly using an equal
si gn.

Evidentally dy = 3x?dx is cheap thrills, but Ay is slightly
nmessi er.

= (x + Ax)® - x3

[ x3 + 3x2Ax + 3x(Ax)? + (Ax)3] - x3

3x2Ax + 3x(Ax)? + (Ax) 3.

(b) Use an appropriate |inear approximtion fornmula to estimte

( 01)1/2

Let f(x) = x¥2 and set X, = 100. Then the local Iinear
approxi mation at x, i s given by

~ U2 1, -12 _ 1 1
X2 = xg * 5Xo (X-x,) = 100%2 c 1001,2(x - 100)

for all x. Wen x = 101,

U2 ~ v . 1. 1 _ - 1.1 4, 1

101 1007 + 5+ sy (101 - 100) = 10 = 5 - 51 = 10 = 7 = 10. 05,
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7. (10 pts.) (a) Usi ng conpl ete sentences and appropriate
notati on, provide the precise mathematical definition for the
derivative, f'(x), of a function f(x).// The function f'
defined by the equation
frx) = lim(x=h) - 1(x)
h-o0 h

is called the derivative of f with respect to x. The domain of

f' consists of all x in the domain of f for which the limt above
exists.//

(b) Using only the definition of the derivative as a limt, show
all steps of the conputation of f'(x) when f(x) = 4x%.

f/(x) =1im PO - 1(x)
h-o h
[ %)
= lim X~ X
h-o h
“lim 4N
h-o NX{ Z-+Hi 4
= LLQ1GF(YTHT'= "z for x #0.
8. (5 pts.) Pretend f is a magical function that has the

property that at x = 2rmthe tangent line f is actually defined by
the equation y = -4n(x - m + 3@ Cbtain

(a) f'(2m) = -4m (b) f(2m) = -1 //Conceptual points: (a)
The sl ope of the tangent line at a point is the value of the
derivative at the point. (b) The tangent |ine shares the point
of tangency. So the y value of that point is the same as the
function value at that point.

9. (10 pts.) (a) Using conplete sentences and appropriate
not ati on, provide the precise mathematical definition for
(*) limf(x) = L.

Suppose that f is a function that is defined everywhere in
sonme open interval containing x = a, except possibly at x = a.
W wite (*) if L is a nunber such that for each € > 0 we can
dad>0, such that if x is in the domain of f and
< | x-a| <393 then | f(x) - L | <¢&.1/l
b) Using only the mathematical definition of limt, provide a
onpl et e proof that

fin
0
(
c
lim(7x+5) = -2.
X - -1

This may be found at the bottom of Page 1 of 4.

Silly 10 point Bonus Problem Prove that if sine and cosine have a derivative at
one point X, then sine and cosine have a derivative at every real nunber x and
wite sin'(x) and cos’'(x) in terms of sin’'(x,) and cos'(X,). [ Say where your
work is. It won't fit here. Hint: Trig or treat derivative definition.]

An answer nmay be found in cl-t2-bo.pdf!!



