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Read Me First: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite using
conpl ete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Since the

answer really consists of all the magic transformations, do not "box"
your final results. Communicate. Show ne all the magic on the page.

1. (10 pts.) Here are five trivial limts to evaluate:
: 4y _1im 4y _

a [im =lim>=ZL = -4

(a) y- o |Y y- = 7Y
, 1 _

(o) lim os =0
. 1\ _ ~

(c) I|m(7—7)—7—0—7

(d) lime* =0

(e) lim(—llh) = 0

2. (15 pts.) Suppose t hat

EZX—XZ , 1 f x <2
[l i -
h(x) = O 2 , 1f x =2
AX5-2 it x>02
03+3x3 '
Eval uate each of the following easy limts.
: . x3-3 _ 1

(a) Ix'f.ph(x) IXLT 3+3x3 3

(b) limh(x) =1lim2x-x2) = -

(c) limh(x) does not exist, for |imh(x) = 6 and
X - 2 X o 2% _1_5
[imh(x) =0
X -2

(d) limh(x) =1lim(2x-x2) =0
X -0 X -0

() limh(x) =lim_ X’ -2 . 62
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3. (15 pts.) (a) (5 pts.) Carefully sketch both f(x) = In(x) and
g(x) = e* on the coordinate system bel ow. Label very carefully.
X
eT b
3\;:-//“‘.;_
ﬁ_‘——/, Lié ‘.f' é’x
(b) (10 pts.) Evaluate each of the followng limts.
limln(x) = o [imln(x) = -
X — X - 0"
l[imeX = o lime*x =0
3x X[?
|im(1+£) =|im§1+l) 0 -e®
X - o X X - o X [l
4.
4. (10 pts.) (a) Using conplete sentences and appropriate notation,
provi de the precise mat hemati cal definition for
(*) limf(x) = L.

Suppose that f
open interval containing x = a,

is a function that

is defined everywhere in sone

except possibly at x = a. W wite

(*) if Lis a nunber such that for each ¢ > 0 we can find a 6 > O,
such that if x is in the domain of f and 0 < | x - a | < &, then
| f(x) - L | <& /]
(b) Using only the mathematical definition of limt, provide a
conpl ete proof that
(%) lim2X2rX _ g
X -0
Proof: Let € > 0 be arbitrary. Set & = ¢/ 2. Cbserve that & > 0.

Suppose now that x satisfies 0 < [x - 0] < d.

We now verify that

0 < |x- 0| <dinplies |[(2x? + x)/x]- 1| < k.

Now
0< |x-0| <25d O
O
O
O
Si nce,
that, if x satisfies 0 < |[x - 0] < &,

[ (2x?+x)/x] - 1] < &, we have

the definition.

given an arbitrary € > 0, we have produced a nunber

x| < €/2
2x| < ¢
(2x + 1) - 1] < ¢

[(2x? + xX)/Xx] - 1] < e.

0 > 0 such
t hen

proved (**) above is true by applying

[ Wt hout scratching!!]
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5. (25 pts.) For each of the followng, find the limt if the
[imt exists. |If thelimt fails to exist, say so. Be as precise as
possi bl e here. [Wrk on the back of Page 2 of 4 if you run out of
room here. ]

. X2-x-2 0 x+1 _ 3
(8  lim=e =i 7

Lo X2X-2 i X1
O I Sz T x2 ™
. 4-x _ (4-X)(xY2+2) _ i o S
(0 Limgy =i BT -l 02 - 4
. 3x - 15 _ . 3(x-5) _
d lim =lim = -3
(B 0 =57 "D =txosy

(e) lim(20x2 - 4) V4 = 16Y4 = 2

X -1

Silly 10 point Bonus Problem Provide an € - & proof that

limx¥2 =3,
X -9
Pr oof : Let € > 0 be arbitrary. Then set 8 = 3. Plainly & > 0.

We shall now show that if x = 0 is any real nunber for which
0 < |x- 9| <393 then |[x¥2 - 3| <e. Tothis end, let x = 0 be any
real nunmber with 0 < |x - 9] < & Then

0< |[x-9| <9 0 'x-9| < 3¢

O %\x—9\<s

0 ( 1 )x—9<s

x172+3

X-9
1 m‘<s
0 xV2-3| < ¢

si nce

<

3 < xV2+3 O W%_3_%
+

when x = 0.//
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6. (7 pts.) Carefully sketch the function f(x) = tan*(x) on
t he coordi nate system bel ow. Label very carefully.
y 4
U
w

A\ 4

s — -_T+ - -

k>
Then evaluate the following two limts:

limtan?i(x) = limtan?i(x) = -1
i (x) 5 lim (x) 5

7. (8 pts.) If f(x) =3x2-5 and h # 0, then sinplifying as nmuch
as possible allows us to wite
f(x+h) - f(x) _ [3(x+h)2-5] - [3x2%-5]
h h

6xh+3h2 _ & 3h

8. (10 pts.) Eval uate each of the followng thorny limts:

c (16+x) Y2 -4 _ X _ _1
(2) Ltg1 X Ltg]x[(16+x)ﬂ2+-4] Y 8
(b)
i 2 U2 _ — 1 3x
lxlﬂg][ (x#+3x) X] IxLT (x?2+3x) 72+ x
. 3 3
=]lim =

The key piece of algebraic magic here is "rationalizing the
numerator,"” done by nultiplying by "1" in the appropriate form the
conjugate factor over itself.

Silly 10 point Bonus Problem Provide an € - & proof that
limx¥2 = 3,

X -9
Say where your work is, for it won't fit here.
This may be found on Page 3 of 4, above. o.o.



