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Read
Me First: Show al |l essential work very neatly. Use correct notation when presenting your
conmput ati ons and arguments. Wite using conplete sentences. Renmenber this: "=" denotes "equals" , "O" denotes
"inmplies" , and "<" denotes "is equivalent to". Do not "box" your answers. Communicate. Show ne all the nagic
on the page. Eschew obfuscati on.

1. (25 pts.) Compute the derivatives of the following functions. You
may use any of the rules of differentiation that are at your disposal.
Do not attempt to simplify the algebra in your answers.

@ f( x) =4x® - 7x 1 + 8cos( x)
f/(x) = 24x5+84x B -8sin( x)
(b) g( x) =(4x* - 8x3?)sin( x)

g’(x) = (16 x3+16x%)sin( x) + (4 x*-8x2)cos( Xx)

_ sec(t)
(© h(t) = 250

hi(t) = sec( t)tan( t)(10 t°) - sec( t)(50 t*4)
100t 1°

(d) y = tan( csc(2 6+1))

g% =sec?(csc(26+1))( -1)csc(26+1)cot(2 6+1)(2)

= -2sec?(csc(206+1)) csc(26+1)cot(2 6+1)

(e) L( z) =cot(4 z8 + 4sec( ;) - 4sec( ;)

dL - _ 7 2 8y _ z z
_CE(Z) 32z7csc?(4 z?) 2sec( 7)tan( 7)

Silly 10 point Bonus Problem Suppose that x is measured in degrees. With this hypothesis, compute sin "(x) and

cos ' ( x).
v The key here is to relate --- and distinguish between ---
functions with degree arguments and functions with radian arguments
since we know how to differentiate the latter.
To keep track of who is who, let sin () and cos [(t) denote your
friendly real sine and cosine functions whose argument t is measured
in radi ans and let us denote the sine and cosine functions whose
arguments are in degree nmeasure by sin°(x) and cos°(x).
How are these varmints related?? A little thought reveals that
sin°(x) = sin (™x/180) and that cos°(x) = cos( ™/180) for all x.
Since we know the derivatives of our friendly real number/radian
measure versions of sine and cosine, by using chain rule and the
relationship between the two flavors of functions, we have

(sin®) " (x)

and

(sin ,(1™¢/180)) ' (1180)cos ,(™/180) = ( T1U180)Cc0S°(X)

(cos®) '"(x) (cos ,(1™x/180)) ' -( 7180)sin ,(™/180) = -(  T1/180)sin°(X).
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2. (10 ptS) (a) Using complete sentences and appropriate notation, provide the precise mathematical
definition of continuity of a function f(x) at a point x = a. .
/[ A function f is continuous at x = aif
lim f( x) = f( a).
X > a
(b) Is there a nonzero real number k, that will make the function f(x) defined below continuous at x = 0 ?

Either find the value for k and using the definition, prove that it makes f continuous at x = 0, or explain why
there cannot be such a number k. Suppose

Otan( kx)/ x , x <0
i) 3x « 2k? , x 20

From the definition of continuity at a point, in order for f to be continuous at X = 0, it is necessary and
sufficient for f to be both left and right continuous. Since

2k2 = f(0) = lim f( x) =lim (3 x+2k2)
X - 0"

X - 0"
and
- - tan(k x
lim f( x) = lim fnk x) _
X - 0" X - 0 X
f is continuous at x = 0 if, and only if 2k 2 = k. The only nonzero solution to this equation is k = 1/2.

The last equation in this string of equations may be obtained correctly in a couple of ways at this stage. Here's
one such:

tan(k x) k . sin(k x) . 1

lim = lim = k.
X -0 X x-o \ I kX cos(k X)
The limits involving the second and third factors both equal 1.
3. (10 ptS.) (@) Using complete sentences and appropriate notation, state the Intermediate Value
Theorem.// If f is continuous on a closed interval [a,b], and k is any number between f(a) and f(b),
inclusive, then there is a number x o in the interval [a,b] with f(x o) = kil

(b) Use the Intermediate Value Theorem to prove the equation
X*+x-1=0
has at least one real solution in the interval [-1, 1].

/lLet f(  x) = x* + x - 1 on the closed interval [-1, 1]. Since f is a polynomlal it is continuous on the given

closed interval. Now f(1) = 1 and f(-1) = -1. The number k = O is between 1 = f(1) and -1 = f(-1). Consequently,
the Intermediate Value Theorem implies there is at least one number x o In [-1, 1] where f(x o) = 0 or
(xo)* + (xo) - 1 =04

4. (5 pts.) Reveal all the details in showing how to use the
squeezing theorem to obtain the following limit:

lim X sin( _)

X -0

[Waming: A numerical value without an explanation is worth nothing.

Expl anati on: Observe that for x #0, -1 <sin(l/ x) <1. Thus x > 0 implies that

-x < (x)sin(l/ x) < x, and x < O implies that we have X < (x)sin(l/ x) < -x. Thus, if x # 0, then

- x| = (x)sin(/ x) < |x|. Since [x|] — 0 as x — 0, the squeezing theorem implies ( x)sin(l/  x) = 0as x — 0.
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5. (5 pts.) Compute f "(x) when
f( x) = sin( x*%).

f/(x) =cos( x*)(4 x3) = 4x3cos( x*?).

f//(x) = 12x2cos( x*) - 4x3sin( x%)(4 x3) = 12x2%cos( x*%) - 16x°5sin( x*4).

6. (5 pts.) Find an equation for the tangent line to the graph of
y = X cos(3 x)

when x = T Since y(X) = xcos(3 x) implies that
y’(x) =cos(3 x) - 3xsin(3 x) , we have y(m = tmcos(3 m = -1t and
y’/(m) =cos(3 m - 3msin(8@ m = -1 . Tangent line equation:

y+m=-1(Xx-1m or y = -

7. (10 pts.) (a) Find formulas for Ay and the differential dy when
y = - 2x + 1. Label your expressions correctly.

Evidently d y = (2x - 2)d x is cheap thrills, but Ay is slightly
messier.

= (( x+Ax)?2-2(x +Ax) +1) - (x2-2x+1)
= [ X2+2XAx +(Ax)2-2x -2( Ax) +1] - [ x?2-2x +1]
= (2x-2)Ax + (Ax) =2

(b) llste an appropriate local linear approximation formula to estimate
(65) 2.

Let f( x) = x¥ and set x, = 64. Then the local linear

approximation at X, IS given by
X2 = xg? + %xgl’z(x—xo) = 6412 - %'Tllz (x - 64)
for all X. When x = 65,
2 ~gquz o 1. 1 _ - 1.1.4 _ 1 _ 129 _
65 64 5 le_(65 64) 8+ﬂZ 3 1 8+T6’ S 8.0625.

8. (5 pts.) The side of the square is measured to be 10 ft, with a
possible error of +0.1 ft. Estimate the percent error in the
calculated area.
The area of a square is given by A(x) = x? where x is the length
of a side. Using differentials, we may approximate the relative error
as follows:

AA _ dA _ 2XdX _ 2Ax _ (2)(20.1)

= = = + = +20
A A x2 Xo 10 +0.02 £2%.
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9. (10 pts.) (a) Using complete sentences and appropriate notation,
provide the precise mathematical definition for the derivative, f "(x),
of a function f( X).
/[ The function f " defined by the equation

frx) = lim fCx=h) - (%)

h-o0 h

is called the derivative of f with respect to x. The domain of f '
consists of all x in the domain of f for which the limit above
exists.//

(b) Using only the definition of the derivative as a limit, show all
steps of the computation of f "(x) when f( x) = 4x? + 3.

f(x) =tim fCx = 10
| (4( x~h)2+3) - (4x2+3)

lim

h-o h
2
— lim 8Xxh~+4h
h -0
=lim (8x+4h) =8x for every real nunber x.
h -0

10. (5 pts.) Pretend f is a magical function that has the property
that at x = 2 the tangent line f is actually defined by the equation
y = -4(x - 1) + 3. Obtain

(a) f '(2) = -4 (b) f(2) = -1 /IConceptual points: (a) The slope of the tangent line
at a point is the value of the derivative at the point. (b) The tangent line shares the point of tangency. So the
y value of that point is the same as the function value at that point.

11. (10 ptS.) A softball diamond is a square whose sides are 60 feet long. Suppose a player running from

first to second base has a speed of 25 feet/second at the instant when she is 10 feet from second base. At what
rate is the player's distance from home plate changing at that instant?

Let x(t) denote the distance from first base to the runner, and
let y(t) denote the distance from home plate to the runner. Then from
the Pythagorean Theorem,

*) y#(t) =60% + x*(t)

while the runner is between first and second base. Consequently,
during this time interval, by differentiating with respect to t, we
see

2y(t)y'(t) =2x(t)x’(t)

At the moment in question, to, X(ty) =50 and x'(t,) = 25. Using (¥
and doing a bit of algebra reveals that
X(to)x'(ty) (50)(25) 125
(t,) = 0 o = = ft./sec.
s 70 39 R ¢ )] (S R GFA R

Silly 10 point Bonus Problem Suppose that x is nmeasured in degrees.
With this hypothesis, compute sin "(x) and cos '(x). Say where your
work is, for it won't fit here. [ See Page 1 of 4.]



