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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Do not "box" your answers. Comunicate. Show

me all the magic on the page.

1. (10 pts.) (a) Using inplicit differentiation, conmpute dy/dx
and d?y/dx? when x® + y2 = 9. Label your expressions correctly or
el se.

d(x® + y?)/dx = d(9)/dx inplies that dy/dx = -3x2/(2y).
Consequently, after differentiating one nore tine using quotient
rule, replacing the occurance of dy/dx in the expression for the
second derivative, and cleaning up the al gebra, we obtain

d?y/ dx? = -[24xy? + 18x*/[8y?® = -[12xy? + 9x*/[4y?].

(b) Qotain an equation for the line tangent to the graph of
x3 +y2 =9 at the point (-1,-(10)Y?).

Evaluating the inplicit derivative above at (-1,-(10)“?) provi des
us with the slope of the tangent line, nanely 3/(2(10)?).
Consequent |y, an equation for the tangent line at the desired
point isy -(-(10)Y?) = 3/(2(10)Y?)(x - (-1)).

2. (5 pts.) A 5-ft. ladder is leaning against the wall. If
the top of the | adder slips down the wall at a rate of 4
ft./sec., howfast will the foot be noving away fromthe wall
when t he top is 3 ft. above the ground?

Let x(t) denote the distance fromthe foot of the |adder to the
base of the wall, and let y(t) denote the vertical distance from
the top of the |adder to the ground. Fromthe Pythagorean
Theorem we have

(*) x2(t) + y*(t) = 52

If t, denotes the tinme when the y is 3 ft., what we want is the
value of x'(t,). Nowy(t,) =3, (*) above, and 'x’ being a

di stance inply that x(t,) = 4. An inplicit differentiation and
alittle obvious algabraic nmagic yield

X'"(tg) = -y(toy' (to)/x(ty).

Since y'(t) = -4 ft./sec., x'(ty)=(3)(4)/4 = 3 feet per second.
[ Note: y'(t) < O since the distance fromthe top of the | adder to
t he ground is decreasing!]

3. (5 pts.) Use logarithmc differentiation to find dy/dx when
y = x%¢_ Label your expressions correctly or el se.

Since In(y) = sec(x)In(x), by doing an inplicit differentiation
and transposing y, we get

y' = [sec(x) -(1/x) + sec(x)tan(x)]n(x)]xsec®,
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4. (15 pts.) Differentiate the follow ng functions. Do not
attenpt to sinplify the al gebra.

(a) f(x) = exp(3x® - 7x) - 2-In(5x® - 14)

f'(x) = (9x% - 7)exp(3x® - 7x) - 2(15x?)/(5x® - 14)

(b) g(x) = 10* + x* + 10 + log,(x) + In(10)

9'(x) = 1n(10)10% + 10x° + 0 + 1/(x I n(10)) + O

(c) h(x) = sec}(7x) + e*-tan'}(x) - 4-cos(x?

h'(x) = 7/[ [7x[((7x)2-1)Y?] +e*-tan*(x) +e*(1+x?) "' + 8x(1-x*) Y2

5. (5 pts.) Carefully sketch the graph of y = tan!(x). Label
very carefully. [ This may be viewed at cl-t3-g. htm]

y N
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6. (5 pts.) Solve for x without using a calculator. Use the
natural |ogarithmwhen |ogarithns are needed.

e - e - 12 =0

(e* + 3)(e* - 4 =0

e*+3 =0 or e -4=0
e* =-3 or e =4
x = 1n(4)

e - eX =12

g 8039

7. (5 pts.) Using a conplete sentence and appropriate notation,
provi de the preci se mat hematical definitions for the follow ng
term /1l The differential, dy, of a function f(x) //

If f is differentiable, dy, the differential, is defined by the
equation dy = f'(x)dx, where dx is treated as an i ndependent
vari abl e.

8. (5 pts.) Carefully sketch both f(x) = In(x) and g(x) = e* on
t he coordi nate system bel ow. Label very carefully. [This may be
viewed at cl-t3-g.htm]

y N

A\ 4

9. (5 pts.) Carefully sketch the graph of y = sin!(x). Label
very carefully. [ This may be viewed at cl-t3-g. htm]
N

y

A\ 4
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10. (10 pts.) Evaluate each of the following Ilimts. If alimt
fails to exist, say how as specifically as possible.
(a) lim 7t -sin(3m-t!) = 21m

t -

after witing

7t -sin(3m-tl) = 7-sin(3m-t1)

t—l

applying L' Hopital’s Rule for 0/0 fornms once, and cancelling the
obvi ous common factor fromthe numerator and denom nat or.

[Note: A common nistake here is witing 7t as 1/(7t''). The
correct version is 1/(7t) % which will eventually lead to the
correct result.]

4 - 4-cos(10x)
(b) lim = 400/8 = 50
X -0 e + e .- 2

by applying L'’ Hopital’s Rule for 0O/0 forns tw ce.

[ Note: A common m stake here is one of not using chain rule
correctly in doing the differentiations needed. ]

11. (5 pts.) The radius of a sphere is neasured to be 15 feet
with a possible error of 0.5 feet. Use differentials to estimate
the relative error in the conputed vol une.

Set V(r) = (41 3)r3 The relative error in the conputed vol une
is AV/V. W shall approximate this using the differential dV.
Thus, we have

AVIV = dVIV = 4mr?2-dr/[(4W3)r% = (3/r)-Ar = (1/5) -(%0.5)

= +0.1 when r = 15 and Ar = #0.5.

12. (5 pts.) Find the exact value of tan[2-tan!(4/5)]. [Wrning:
You will have to use several identities to handle this.]

tan[2-tan'(4/5)] 2-tan[tan'’(4/5)]/[1 - tan?’tan(4/5)]

2-(4/5)/[1 - (4/5)7

(8/5)/(9/25) = 40/9.
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13. (5 pts.) Let f(x) = tan’(x® + (7mW4) -x. (a) Showf is
invertible. (b) Then solve the equation f!(x) = -1.

3x2 (1+x6) ] +[ 70 4] = 71 4.

(a) For each x € R we have f'(x) = |
It follows that f has an inverse.

Thus f'(x) > 0 on R = (-0, ).

(b) fix) =-1 = x = f(-1)
- X = tan!(-1) - [71 4]
= X = -2T

14. (5 pts.) Use differentials and a |inear approximtion
formula to estimate (9)Y3 [Hint: Use x, = 8 and f(x) = x¥3.]

Let X, = 8. Then x, + Ax = 9 inplies that Ax = 1.
Consequent |y,

(9) V2 = f(Xe + X)) = f(xo) + f'(xp)Ax =2 + (1/12)
= 25/12 since f'(xy) = (1/3) -(8)¥% = 1/12.

15. (5 pts.) Solve for x without using a cal cul ator.
I n(64x) - 3-I1n(x?) =1n(2)

Usi ng standard properties of the natural |og function, you can
obtain x = 32Y% = 2,

16. (5 pts.) Carefully sketch the graph of y = cos!(x). Labe
very carefully. [ This may be viewed at cl-t3-g. htm]

y N




