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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Do not "box" your answers. Comunicate. Show
me all the magi c on the page.

1. (16 pts.) Fill in the blanks of the follow ng analysis with
t he correct term nol ogy.

Let f(x) = x* - 8x% Then f'(x) = 4x3 - 24x?> = 4(x - 0)?*x - 6).
Since f'(x) <0 when 0 <x <6 or x <0, and f is continuous, f

IS decr easi ng on the interval (-« , 6). Al so,

because f'(x) > 0 for 6 <x, f is i ncreasi ng on the

set (6,o). Qoviously, x = 0 and x = 6 are _critical [stationary]

points of f since f'(0) =0 and f'(6) = 0. By using the
first derivative test, it follows easily that f has

neither arelative min. nor arelative max. at x = 0, and

relative m ni nrum at x = 6.

Since f"(x) = 12x?> - 48x = 12x (x - 4), we have f"(0) = 0,
f"(4) =0, f"(x) <0 when 0 < x <4, and f"(x) > 0 when x > 4 or

Xx < 0. Thus, f is concave up on the set
(-0 ,0) O(4,0, f is concave down on the
interval (0,4), and f has inflection points at x =0
and x = 4.

2. (4 pts.) Roll e’s Theorem states ... . G ve an exanpl e of

a function f(x) defined on [-1,1] with f continuous on [-1,1] and
f(-1) =1f(1) = 0 but such that there is no nunber c in (-1,1)
with f'(c) = 0.

/1 A suitable exanple clearly nust fail to be differentiable on
the interval (-1,1) and yet satisfy the remaining hypot heses.
Here is one such, defined in pieces, of course.

Let f(x) = 1 - |x| onthe interval [-1,1]. Thus,

o1 - x if 0 <x
f(x) = O
O1-(-x) if x <0

Then f(-1) =f(1) =0, f is continuous on [-1,1], and since
f'(x) =1on (-1,0) and f'(x) = -1 on (0,1), there is no nunber
in (-1,1) where f'(c) = 0.
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3. (10 pts.) Find all the critical points of the function
f(x) = 3-(x2- 2x)Y3  Which critical points are stationary
poi nts? Apply the second derivative test at each stationary
poi nt and draw an appropriate concl usion.

First, f'(x) = (2x - 2)/(x? - 2x)%3 = 2(x - 1)/ (x(x - 2))%
for x # 0 and x # 2. Therefore, f has critical points at

x =0, x =1, and x = 2. Only x =1 is a stationary point.
Qoserve that we have

[2(x2 - 2x) %3 - (2x - 2)(2/3)(x? - 2x)"Y3(2x - 2)]
fr(x) =

(XZ - 2X) 4/3

for x # 0 and x # 2. It follows that f”"(1) > 0. Consequently,
the second derivative test inplies that f has a relative m ni num
at x = 1. [To see f"(1) > 0 easily, note that if x = 1, the
second termof the nunerator of f" is zero, and what remains is a
guotient of squares.]

4. (10 pts.) Locate and determ ne the maxi num and m ni mum

val ues of the function f(x) = 3x? - x® on the interval [-1, 1].
What magic theoremall ows you to conclude that f(x) has a maxi mum
and m ni mum even before you attenpt to |locate then? Wy??

//Since f is a polynomal, f is continuous on the interval [1,1].
Consequently, the magical Extrene Val ue Theorem guarantees that f
has absolute extrema of both flavors on [-1,1]. Since we have
f'(x) = 6x%- 3x =-3x(x - 2), f has only one critical point in
(-1,1), namely x = 0. To finish this, it suffices to evaluate f
at the critical point and on the boundary of the set [-1,1] in
order to pick out the extrema. Since f(-1) =4, f(0) =0, and
f(l) =2, the maximumis 4 and occurs at x = -1, and the m ni num
is O and is located at x = 0.
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5. (10 pts.) (a) State the Mean Val ue Theorem of Differenti al
Cal culus. Use a conplete sentence and appropriate notation.

If f is continuous on the closed interval [a,b] and
differentiable on the open interval (a,b), then there is at | east
one nunber c¢ in the interval (a,b) with

fr(c) = [f(b) - f(a)]/[b - a].
(b) Show how to use the Mean Val ue Theoremto prove the
following: If O < x <y are real nunbers, then
(*) (y _ x)/(2y1’2) < y1/2 - xU2

is true. [Hint: Study f(t) = t¥2 on the interval [x,y) using the
MV.T. and utilize the observation that g(t) = 1/(2t'?) is a
decreasing function on (0, ). ]

/1 Observe that f(t) = t¥2 is continuous on [0, x) and
differentiable on (0,»). Consequently, if 0 <x <y, then f
satisfies the hypotheses for the Mean Val ue Theorem on the
interval [x,y]. Thus, there is a nunber c in (x,y) with

f'(c) =[f(y) - f(x)]/ly - X]. This last equation is equival ent
to (y - x)/(2c¥?) = y¥2 . x¥2  Since g(t) = 1/(2tY?) is a
decreasing function on (0, and c <y,

y'2 - xH2 = (y - x)/(2¢7?) > (y - x)/(2y"F).

6. (10 pts.) A very small rectangul ar area of 25 square feet is

to be fenced. One of the sides will use fencing costing $2.00

per running foot, and the remaining 3 sides will use a hedge

costing $1.00 per running foot. Find the dinensions of the

rectangl e which has the | east cost to enclose. Provide a

conpl ete enough analysis to convince the doubtful that your

extrenme value is an absolute m ni num

/1 Denote the | engths of the perpendicul ar sides of the

rectangle by "x" and "y". For definiteness, let one of the "y"

sides and both of the "x" sides cost $1 per foot, and let the

remai ning "y" side cost $2 per foot. [You could, of course, do

this the other way around!!] Then xy = 25, and the cost in terns

of the dinmensions is C=2y +y + x + x dollars. If we wite

this in terms of x alone, then we have C(x) = 3(25/x) + 2x

= 2x + 75x* for x > 0. [Neither x nor y may be zero. Wiy?] Now
C'(x) 2 - 75x°?

(21 x%) -(x?* - (75/2))

(2/x2) (x - (75/2)Y2) -(x + (75/2)Y?

for x > 0. Consequently, the only critical point is

x = (75/2)Y2  Since we have C"(x) = 150x3 it follows that

C"((75/2)Y?) > 0. The Second Derivative Test inplies that
(75/2)Y2) is arelative mininum Since this is the only
I

(

7

ative minimumon (0,o) and C(x) is continuous, C((75/2)Y2) is
absolute mininmum The dinmensions: x = (75/2)Y2 = 5(3/2)Y2 and
= (25)(2/75)Y2 = 5(2/3)Y2 feet.
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7. (5 pts.) Find the function f(x) that satisfies the
follow ng two equations: f'(x) = 2-sec(x) -tan(x) + (3/m for
every real nunber x in (-w2,mW2), and f(1W3) =4
/1 Since f'(x) = 2-sec(x) ‘tan(x) + (3/m, it follows that
f(x) = [ f'"(x) dx
= [ 2-sec(x) -tan(x) + (3/m dx
= 2-sec(x) + (3/mMx + c

for sone real nunber c. From what we now know about the
structure of f, f(1W3) =4 inplies that

4 = 2-sec(m/3) + (3/m (1/3) +c

Solving this little linear equation yields ¢ = -1. Thus,
f(x) = 2-sec(x) + (3/mx - 1

8. (5 pts.) Find a function h(x) so that h satisfies the
foll owm ng equati on:

[
0 h(x)dx = 2e* + sec?(x) - 12x + C

/1 Fromthe very definition of antiderivative and how we have
agreed to denote such a varmnt, it follows that h nust satisfy
t he equation

h(x) = (2e* + sec?(x) - 12x + C)'

= 2e* + 2-sec(x) -sec(x) -tan(x) - 12

9. (10 pts.) Evaluate the follow ng antiderivatives.

[ m 12 11

0 7x° - - - dx =

J X X3 ( 1 - XZ )1/2
x” - mln|x| + 6x2 - 11-sin(x) + C

or
x” - mIn|x| + 6x2 + 11 -cos’}(x) + C
si n( 2x)
e - 22 . dx =1, where

—

cos(2x) + 1

| = (1/5)e¥™ 22 + (1/2)In(|cos(2x) + 1|) + C. Break the integral
into a difference of integrals. The first can be handled with
the substitution u = 5x - 22 and the second can be done using the
substitution v = cos(2x) + 1.
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10. (20 pts.) Very carefully sketch each of the foll ow ng
functions. Label very carefully.

(a) f(x) is continuous on R and satisfies the follow ng:
(1) (1) = 0;
(2) x <1 0O f'(x) >0, and x >1 0O f'(x) <0
(3) [imf'(x) = +o and [imf'(x) = -0
X - 1 X - 17
(4) x 1 0 f"(x) > 0; and
(5) f(x ) —> -1 as x —> xo. This may be viewed at
cl-t4-g.htm

y A

A\

(b) g(x) = 3x? - 2x3 [ Anal yze g' and g” and how g behaves as
X —> 0. WOork on the back of page 4!] This may be vi ewed at
cl-t4-g. htm

y A

A\




