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Read Me First: Show al | essential work very neatly. Use correct notation when presenting your
conmput ati ons and argunments. Wite using conplete sentences. Renmenber this: "=" denotes "equals" , "O" denotes
"inmplies" , and "<" denotes "is equivalent to". Since the answer really consists of all the magic

transfornmations, do not "box" your final results. Communicate. Show ne all the nagic on the page.

1. (10 pts.) Here are five trivial limts to eval uate:
a) lim_ X =1im* =1
( ) X - 0- X X -0 —X
- 1 _ -1 _
e T
(¢) lim{x3exzex )" = ((-1)3(-1)2+(-1) )" = (-1)2 = -1
X - -1
(d) lim_2 -0
x ~o T N(X)
. 1\ _a 0.
(e) |h|ﬁg1(6 ﬁ) 6-0=6
2. (15 pts.) Suppose t hat
E2x—x3, if x <2
[l ; -
h(x) = N 1 ,if x =2
DX2_8 !
02—~ , if x>2
O 3x3
Eval uate each of the followng easy limts.
. . 2_8
a limh(x) =1imZX =.=0
(a) 1imh(x) =1im =
(b) limh(x) =1im(2-x3) =o
(c) limh(x) =1lim(2x-x3) =1
X -1 X -1
(d) | i mh(x) does not exist since
X - 2
. . . . 2_8 4
limh(x) =lim(2x-x3 = -4 and limh(x) =1imX_~% - -2
X - 2° ( ) X~>27( ) X - 2° ( ) x .2 3X°3 24
: i X2-8 _ 1
(& Liph0) =lin g = g
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3. (25 pts.) For each of the followng, find the limt if the
[imt exists. |If thelimt fails to exist, say so. Be as precise as
possi bl e here. [Wrk on the back of Page 2 of 4 if you run out of
room here. |

. 2_92x% 3 . . .
a limZX = since the denom nator is nonzero at x = 3.
(a) .3 X+1 4
4
(b) I|n1§r_%.— Iim(x3+x2+x+1)==4 using either long or synthetic
X - 1* X - 1*
di vi si on.

(c) lim 2"V = 1im (1 + 7 ) =
v-1 1 -y v-1

(d) lim2x-4

=lim
X -1 x -1 x -1 —( - 1)
2 - > - 22
(e) lim ¥Y2X" 72 o o qip N X~ - /5 by doing routine
X — —oo X+3 X - —o 1+é
X
al gebrai ¢ magi ¢ and remenbering that ( x? )¥2 = |x| = -x when x < O.

Silly 10 point Bonus Problem Provide an € - & proof that

. 1 _ 1
N T
Pr oof : Le € >0 be arbitrary. Then set & = mn(1,2¢).
Plainly & > W shaII now show that if x is any real nunber for
which 0 < \x 2| < 8, then
] 1 |
‘ ~ - 2_‘< €.
To this end, let x be any real nunber with 0 < |x - 2| < 3. Then
0< [x-2| <29 O 2| - x| = |2-x| <1
O 1< |x|
1 1
0 7TxT < -
Thus, when x is any real nunber with 0 < |[x - 2| < §,
1 1] 1 1
7|7 X2 < (20) (_2.)—8.

Il
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4. (7 pts.) Carefully sketch the function f(x) = tan*(x) on
t he coordi nate system bel ow. Label very carefully.

Then evaluate the following two limts:

limtan?i(x) = limtan?i(x) = -1
i (x) 5 lim (x) 5

5. (8 pts.) If f(x) =x® and h # 0, then sinplifying as nuch as
possible allows us to wite

f(x+h) - f(x) _ (x=h)® - x3 _ = 3x2 +3xh +h?2 for h#0

h h
6. (10 pts.) (a) Using conplete sentences and appropriate notation,
provi de the precise nathematical definition for
(*) limf(x) =

Suppose that f is a function that is defined everywhere in sone
open interval containing x = a, except possibly at x = a. W wite
(*) if Lis a nunber such that for each ¢ > 0 we can find a & > 0,
such that if x is in the domain of f and 0 < | x - a | < §, then
| f(x) - L | <&/l
(b) Using only the mathematical definition of limt, provide a
conpl ete proof that

* % 4X2_4 - _
(**) R

Proof: Let € > 0 be arbitrary. Set & = ¢/4. (Cbserve that & > 0.
Suppose now that x satisfies 0 < |[x - (-1)| < & W now verify that

0 < |x-(-1)] <dinplies |[[(4x? - 4)/(x +1)] - (-8)]| < .

Now
0<|x-(-1) <& O X + 1| < €/4
0 4(x - 1) + 8| < ¢
0 4(x - I(x + D/ (x +1) - (-8 < ¢
O [(4x* - 4)/(x + 1)] - (-8) | < &
Since, given an arbitrary € > 0, we have produced a nunber & > 0 such
that, if x satisfies 0 < |x - -1)\ < &, then

[(4x% - &)/ (x + 1)] - (-8)] <&, we have proved (**) above is true by
appl yi ng the definition. [VVthout scratching!!]
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7. (10 pts.) Eval uate each of the following thorny Iimts:

(a) 1im N2 _ i In(2) <In(x) _jp(d. In(2) | _ 1

xoom TR(X3)  x--w 3Tn(Xx) x-w|3 BInx)| 3T

by 1im(X29)"-5_ iy X - =1
(b) X x-0 X[(x+25)¥2 + 5] 10
The key piece of algebraic magic here is "rationalizing the

nunerator," done by nultiplying by "1" in the appropriate form the
conjugate factor over itself.

X -0

8. (15 pts.) (a) (5 pts.) Carefully sketch both f(x) = In(x) and
g(x) = e* on the coordinate system below. Label very carefully.

>
3 +

>

Tes # 5 x

©

e

(b) (10 pts.) Evaluate each of the following limts.

l[imex =20 l[imex =
[imln(x) = -o limln(x) = o
X — 0* X — 00

3x le
|im(1+£) =Iim§1+l)m=e3.
X — 0 X X - 00 X D

Silly 10 point Bonus Problem Provide an € - & proof that

11
lim = = 5

Say where your work is, for it won't fit here.

See page 2 of 4, below the hal fway mark



