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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite

usi ng conpl ete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Since the answer really consists of all the

magi ¢ transformations, do not "box" your final results.
Communi cate. Show nme all the magic on the page, for | do not
read m nds.

1. (5 pts.) Conpl ete the equation to wite the foll ow ng sum
usi ng signma notation:

Xl XZ X3 X4 X22 22 (_1)i+1xi
- + - + ... - — =
2 4 6 8 44 i=1 2i
2. (5 pts.) Find the average value of f(x) = sin(x) over the

interval [1W/ 3, 1].

_ 1 n . _ 3, n
fae = — Jm sin(x) dx = QSTT( cos(x)) |ws
= QSTT( —Scos(T[) +Cc0os( 17 3))
S 7m 2
=9
T

3. (10 pts.) Differentiate the foll ow ng functions:
0 . .
(a) g(x) = L ﬁ dt [ Note: The domain of g is (-1,1).]

9'(%) = =y

(b) ux)=[f Lizdt

F00) = o

Make sure you | abel your derivatives correctly.
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4. (5 pts.) Using appropriate properties of the definite integral
and suitable area formulas fromgeonetry, evaluate the follow ng
definite integral. [Roughly sketching a couple of sinple graphs
m ght help. First use linearity, though.]

|'3 3 3
02(9 - x?)Y2 - x dx = 20 (9 - x)Y2 dx - [0 x dx
Jo 0 0

= 91 2 - 9/2

since the nunerical value of the first integral is sinply the
area of a quarter circle with a radius of 3 and the value of the
second integral is the area of a right triangle with two | egs of
| ength 3.

5. (5 pts.) State the Fundanental Theorem of Cal cul us.
Suppose that f is continuous on the closed interval [a,b].
Part 1: If the function g is defined on [a,b] by
|'x
9(x) = JDf(t) dt,

then g is an antiderivative of f. That is, g'(x) = f(x) for each
x in [a,b]. [This, really, is the punch line!l]
Part 2: If Gis anybantiderivative of f on [a,b], then

Jéf(x) dx = Gb) - Ja).

a

6. (5 pts.) Express the solution to the followng initial
val ue problem by using a definite integral with respect to the
variable t,

dy

— = (1 +e)¥2  y(l1l) = 10.

dx
To do this, fill in the right side of the equation bel ow
correctly.
y(x) = 10 + J (1+et)¥2 dt

1

7. (5 pts.) Using only the second conparison property of

integrals, give both a |ower and an upper bound on the true
nuneri cal value of the integral bel ow

1 6
I = % cos?(x) dx

0
Let f(x) = cos?x). Then f'(x) = -2cos(x)sin(x) < 0 when x is in
the interval (0,17/6). So f is decreasing on [0, 1 6]. Thus,
3/4 = f(wW6) < f(x) <f(0) =1 when 0 < x <1W6. Fromthe 2nd
conpari son property of integrals, it follows that we have
W8 = (3/4)(1wW6) <1 < (1)(1W6) = 16.
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8. (10 pts.) Assune that [x;.,,X;] denotes the ith subinterva
of a partition of the interval [0,1] into n subintervals, al
with the same length Ax = 1/n.

(a) Wite the value of the followwng limt as a definite
i ntegral .

n
L= I1im e X AX
n - o0 i=1

(b) By evaluating the integral you obtained in part (a) above
usi ng the Fundanental Theorem of Cal culus, give the exact
numerical value of the limt, L

1
L = [ eZde=(%e2X)\%=%(e2—1).

0

9. (10 pts.) Reveal all the details of evaluating the given
i ntegral by conputing
n

lim f(x,)Ax

n-oi=
where the sumis assumed to have originated froma regul ar
partition of the given interval of integration. Here, you are to
actually conmpute the Ri emann sumin closed formand then eval uate
the limt.

Since Ax = 2/n, x; = 2i/nfor i =0, 1, ... , n are the end

points of the intervals of the general regular partition. So
LN~ (20
I|rn§:(7T)Ax

n-o i/

. 8 e -
lim{= i 2
n~w(n3);

(8)(n(n+1)(2n+1)

JZ x2 dx = 1imY f(x,)Dx
i=1

0 n-o f

l[im

n - o

n3 6
.4 1 1
[im ‘3( 1+ﬁ) (2+ﬁ)

n - o

8
=



TEST1/ MAC2312 Page 4 of 5

10. (5 pts.) Gve an exanple of a bounded function defined on
the closed interval [0,1] that is not R emann integrable.

Here is an obnoxious old friend that does the job.
g o : for x a rational nunmber in [0, 1]

9(x) = 0 . . .
O 1 : for x an irrational nunber in [0, 1]
5.4: Probl em 55.

11. (5 pts.) Are there any problens with the string of
equations used in the conputation

3

when we use the substitution u = tan(x) so that du = sec?(x)dx??
Explain briefly.

m4tan2(x)secz(x)dx - ["*uzdu = ( 1u3)\y4 = ( 1tan3(x))\{,"4 -1
0 0 3 3

Wiy yes, indeed, there is a problemhere. The first and
third equations aren’t true. The first equation is false as a
result of a failure to apply the substitution theoremcorrectly
by changing the linmts of integration. The third equation is
made fal se by substituting back, replacing u with tan(x). Go
ahead and conpute the two differences and take note of how
different the results are.

12. (10 pts.) (a) Locate the critical points of the function g
defined on the interval [0,4m by neans of the equation

g(x) = Joxtsi n(t) dt.

[ Note: The critical points are actually in the open interval
(0,4m.]

From t he Fundanental Theorem of Calculus, it follows that
g'(x) = x-sin(x) for 0 < x <4m It follows that g'(x) =0
preci sely where sin(x) =0 in (0,4m. Thus, the critical points

of gare x =1 x = 2m, and x = 3T

(b) Determne the open intervals in (0,4m where g is increasing
or decreasing.

Plainly, if x > 0, the sign of g'(x) is determ ned by the sign of
sin(x) on (0,4m. Thus, g'(x) > 0 when 0 < x < mor 2m < x < 3T,
and g'(x) < 0 when m< x < 2mor 3m< x <4m It follows that g

is increasing on the set (0, mO(2m 3mM) and g is decreasing on the
set (1 2m0O(31 4m) .
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13. (10 pts.) Evaluate each of the follow ng suns in closed
form

199

(@ ¥ (5 - LA s (v

2 T=(172)
200 ) 200 ] 200 2 200 201
(b X (2 1) =20 - Y- (200)(201) - 200

(200) (202) = 40400

14. (10 pts.) Evaluate the follow ng definite integral

0

JZ ' x2 -1 | dx = j: ' x2 -1 | dx + 2\ x2 -1 | dx
1
= 1—(x2 - 1) dx + X2 -1 dx
0 1
= (x - (x33)) o = ((x*¥3) -x)[]
= . =2

Silly 10 Point Bonus: Theorem 1l of Section 5.6 is called the
Average Val ue Theorem and its statenent foll ows:

If f is continuous on [a,b], then

(*) f(%) =%jbf(x) dx

a

for sone X in[a,b].

Provide a proof of this by briefly explaining howthe conclusion follows fromtwo
very inportant properties of continuous functions via the integral conparison
properties.

[ Several sentences are needed. Work on the back of Page 4 of 5.]

Pr oof : Pretend f is continuous on [a,b]. The Extrene Val ue
Theoreminplies that there are nunbers ¢ and d in [a,b] such that
(**) m=f(c) < f(x) <f(d) =M

is true for each real nunber x in [a,b]. Now f being continuous
inplies that f is integrable. The integral conparison properties
and (**) above now i nply that

mb-a) < be(x) dx < M b-a) .

By multiplying through by the reciprocal of (b-a), it follows
t hat
1 b
< <
m< m[ f(x) dx <M
Since the average value is a nunber in the closed interva
contai ning the maxi mum and mnimumof f on [a,b], the
| ntermedi ate Val ue Theoreminplies that there is a nunber

X in [a,b] so that (*) is true.//



