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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite

usi ng conpl ete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Since the answer really consists of all the

magi ¢ transformati ons, do not "box" your final results.
Communi cate. Show ne all the magic on the page.

1. (30 pts.) Here are five trivial trigononetric integrals to
evaluate. [6 pts./part]

(a) Jtanz(x)dx = Jsecz(x) -1ldx =tan(x) -x +C

(b) .
Jcot(4x)dx = 7[Jcot(u)du
= _ZI njcsc(u) | + C
= —71[I njcsc(4x) | + C
or
= 71[In|si n(4x) | + C using u = 4x.
(c)

[t - [l
Jsec(t) - cos(t) dt

In|sec(t) +tan(t)| -sin(t) +C

d
(@ Jcos(x)cos(4x) dx = JC05(5X) +ZCOS(—3x) dx

% cos(5x) + cos(3x) dx

_ sin(5x) . sin(3x) . C
10 6

(e)
Jtan(t)sec“(t)dt = Jsec?’(t) sec(t) tan(t) dt

usdu = Y . ¢
I
=%Cjﬁ + C using u = sec(t),

or

Jtan(t)sec“(t)dt

sec?(t) sec?(t)tan(t) dt
(tan?(t) +1) tan(t) sec?(t)dt

= u3+udu=%i+_u;+C
= tan;(t) + tan;(t) +C usingu =tan(t).
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2. (20 pts.) Eval uate each of the follow ng antiderivatives
[5 pts./part]
(a) If x >1, then

Jse(:'l(x) dx = xsec(x) - J |x|(x)2(—1) 7 9X
= xsec}(x) - dx
(R
=xsec}(x) -Infx + (x2-1)¥2| + C

after integrating by parts with u = sec*(x) and dv = 1dx
Si nce

1 _ [sec(©)tan(8)
| rrym® - | ey

Jsec(e)de

In|jsec(B) +tan(B) | + C
In|x + (x2-1)Y2| + C

by using the trigononetric substitution x = sec(9).

(b) 1 1
J—dx = J—dx
X2-2X+26 1(x -1) 2+125
1 1
EJ 1+u2du

%.t an(u) +C
x-1

1
5 5

dx

+ C

t anl(

x-1

using the u-substitutionu = =

(c)

|
N

J(4 - t2) Vgt = '(1 _ ('tZ) 2) U2t

- 2[cos(8) 2cos(6) d6

_ [ 1+cos(296)
4 _zide

20 +sin(20) +C

t(4 _2t2)1/2 +C

2sinﬂ(%) N

t

using the trigononetric substitution sin(0) = -

(d)

4
JX;(+de = Jx - X2X+1dx = %xz - %I n(x2+1) + C,

after getting rid of a common factor and doi ng di vi si on.
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3. (10 pts.) (a) Using literal constants A, B, C etc., wite
the formof the partial fraction deconposition for the proper
fraction below. Do not attenpt to obtain the actual nuneri cal
val ues of the constants A, B, C, etc.

x2+4 A, B, C _ D _Ex-F

x(x-1)3(x2+1) X xX-I (x-1)2 (x-1)3 x2+1

(b) Now obtain the indefinite integral of the rational function
of part (a) in terns of the constants A, B, C, etc. using the
partial fraction deconposition. Do not attenpt to obtain the
nuneri cal values of the constants.

X2+4 ., D .
dx = Aln|x | +Bln|x-1|-C(x-1) *-Z(x-1) 2
| x=700D X | +BIn|x-1]-C(x-1) 1= J(x-1)
+Eln|x2+1|Y2+Ftan?!(x) + K
Here, of course, we have used the linearity of the integral and

have done a few u-substitutions in our head. [Yes, this is this
easy. Just don’'t get spooked by the silly letters.]

4. (5 pts.) Evaluate the followi ng, quite proper, definite
i ntegral:

1 1 _ w4
le_zdx - Jmsec( 0)do

(I'n|sec(®) +tan(®) |) |

In(v2 +1) -In(y2 - 1)

or

= In(3 +2/2).
ainly, we have used the trigononetric substitution x = tan(0)

I
ight away. So dx = sec?(8) dB, and the values of 6 for the
[

P
r
limts of integration obviously have cone from®6 = tan!(x).
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5. (5 pts.) Find a pattern in the sequence with given terns
a,, a,, a,; a,, and assuming that it continues as indicated,
wite a fornula for the general terma, of the sequence.

-1/2, +3/5, -5/8, +7/11,

- Hr(2n-1) _ (-1)"(2n - 1)

>
" T 3D 30— 1 forn=1.

Clearly, a

6. (5 pts.) Assune that the sequence {x,} 1s defined
recursively by the formul a

Xpq = (5 +x)Y2if n2>1.

If x, =1 and if L =I1imx, exists, what is the exact val ue of

n - o
L?? Since

L=limx,, =1im(5+x)Y2 = (5 +limx,)¥2= (5 +L)v?,

n - o n - o

the limt Lis a solution to the quadratic equation
L2 -L -5 =0.
Thus, using the quadratic fornmula, it follows that

Lo Ly 1 - (21)V2
7z —z

Since the sequence is non-negative, the second root is not a
possi ble value for the limt.

7. (10 pts.) Det er mi ne whet her the sequence {a,} converges, and
find its limt if it does.

@ "L oax-["_ 1 d
G = L X Z+X X = L X(x+1) X
("1 _1 dx
LY x+1
= (I'n(x) -1In(x+1)) |7
X n n 1
—(In(x_+I))|1—In(_+I |n(7)
Thus,
lima =|imEn( n )—In(l)%= —In(l) - 1n(2)
now n-o [] n+1 _ZD 2 .
(b) a =n-sin( 2"
n
| | si n(ZTT[
|ma, =liman —— = 2m

n
[ You could use L'Hopital’s rule but it is really not needed.]
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8. (15 pts.) Evaluate each of the followng integrals. Look
before you | eap.

(a)
J e > dx = Iinwj e > dx
0 t 5o |O 1
. _ -5x t
Lim( 15e 1) |
= — -5t
imig - 5e™)
_ 1
=
(b)
10 ~ 3 0 t 1
JO (10 - x) * dx JJﬁ?_k'IU?idx

li m-1 n(10-x) |o

t - 10°

lim(In(10) - In(10-t)) = oo.

t - 10

(c)
Jolln(x) dx =IiantlIn(x) dx
= lin(xIn(x) -x) |}
= lin{(1In(1) - 1) - (tin(t) -t)]
- 1
si nce
limtIn(t) =|im”t‘Ll)
L
= 1imt
12
= lin(-t) =o.

Silly 10 Point Bonus: The sequence defined recursively in
Probl em 6 above really does converge. Prove it does by
establishing that the sequence is bounded, with an explicit
appropriate bound, and nonotone, in a suitable sense. Yes an

i nduction argunent or two is in the offing. Tell nme where your
work is, for there isn't roomhere. Solution in "gr-t3-b.pdf."



