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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite

usi ng conpl ete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Since the answer really consists of all the

magi ¢ transformati ons, do not "box" your final results.
Communi cate. Show ne all the magic on the page.

1. (10 pts.) Find Taylor’s formula for the given function f at
a =71 Find both the Taylor polynom al, P;(x), and the Lagrange
formof the remainder term Ry(x), for the function f(x) = sin(x)
at a = 1 Then wite ees{x) sin(x) in terms of Py(x) and Ry(x).

Py(x) = Z f(k)(n) X-TD K = COS(T[)(X—T[)—E;(l)(X—T[)S
=—(x4ﬁ+%(x—m3.

R(x) = T0LC) (x-m« = SLO(C) (5

for some ¢ between x and U

sin(x) = ~(x-1) - 2(x-19° « SL0EO) (x-m ¢

for sone ¢ between x and Tt

2. (10 pts.) (a) Find the rational number represented by the
foll ow ng repeating deci nal .

0.2121212121 ... = 21/ 99 = 7/ 33.

This may be obtained by the "H gh School” method or by summ ng

©0

s . 21 _ 21 [ 1 -
the infinite series § = ... = = . ...

& (109K 100 [15 _( 1 )E

0] 100/ O

(b) Find all values of x for which the given geonetric series
converges, and then express the closed formsum of the series as
a function of x.

i(x+1)k:§:(x+l)i*1:§:(x+l) ,(x+1)i _x+1
k=1 5k j =0 SJ 1 i=0 50 5 2[ - X

provided |[(x + 1)/5] <1 or |x + 1] < 5. As an interval what you
have in hand is | = (-6, 4).
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3. (10 pts.) Usi ng either conparison test or limt conparison
test, determ ne whether each of the follow ng series converges.

00

3n2+5 .
a ~ - Si nce
(2) ;; 4n + n®

for n > 1, and }:.é% IS a convergent p-series, conparison test
-1

=}

inplies that the series in (a) converges.

[e4]

24n -1 .
b Si nce
(b) Z; T

1 < 24n-1
n n2+n

for n 21, and Y
n=1

S|~

, the harnonic series, is divergent,

conparison test inplies that the series of (b) diverges.

You may al so use the limt conparison test here to deal with
either or both of (a) and (b).

4. (10 pts.) (a) Explain very briefly why integral test nay not
be used to show the series below is convergent.

55 sin(n)
n=1 n2
First, the series is neither a positive termnor a negative
termseries, nor are its terns eventually positive or negative.
We can see this easily since the famly of open intervals
I = ((2k-1) 1, 2km) and J, = (2km, (2k+1)m for k = 1 are all of
length m and thus nmust contain positive integers. Plainly
sin(x) <0 for x € I, and sin(x) >0 for x ¢ J,. Second, with a
bit nmore work, you can show that f(x) = sin(x)/x? is not
decreasing from sonme point onward.
(b) Using only the integral test, determ ne whether the
series bel ow converges. Be explicit about the definition of the
function f(x) used, and verify all the hypotheses of the theorem

are true. [Warning: Details, details, details ...]
Yy fn Let f(x) = 2x/(x* + 1) for x 2 1. Then f is a
n=1n+1
positive, continuous function. Since f'(x) = (2 - 6x%/(x*+1)?2,
f'(x) <0 for x >1. Thus, f is decreasing for x =2 1. Since
©  2X 0 b 2X 1 1Ry 1 _ T :
J1X4+1dx LEQ]L X4+1dx Ltg{tan (b?) -tan(1)] T i ntegra

test inplies that the given series converges.
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5. (10 pts.) Find the suns of each of the follow ng convergent
series. [Pay attention to the lower limts of summation, Folks.]

S 1 w1\ w102 [ 14\o 1 . 1
(a) nzglon z;(TO) ,z;(TU) (m)mﬁ _(1)% 90"
0 10/ 0

- ) =9 since

N N N |:|
B B 2l B )k ol |
Z n(n+ ~\n n ~0On n-+1 n-+1 n+2)
1)+(1_ 1)%
N-+1 7 N2 O
once you recogni ze the tel escoping tornenters.

:6 1_

6. (5 pts.) Usi ng di vergence test, show that the series

MRRES

diverges. [Hint: A sinple conplex sentence with an enbedded
conmput ati on produces the desired magic. ]

. . n _ . .
Si nce I|n1( ) =1 inplies that lin(-1)" (___I) doesn’t exi st,

n- o n+I n - o
di vergence test inplies that 2:( -1n (___I) di ver ges.
7. (5 pts.) It turns out the infinite series
S“’: 15
n:1_4
converges and has a sumthat we shall denote by S. [If you want a
nunerical estimate of Sthat is accurate to 2 decimal pl aces,
whi ch partial sum
N
15
Sv=) =%
nmi N
can you prove does the job? [H nt: There is an inproper
integral that provides an upper bound on the true error.]

Si nce

@ 15 _ 5
s-sN<JNde-W
for N> 1 by using the error estimate from
obtain 2 decimal place accuracy, it suffices to have
5/N° < (1/2)10%2 This last inequality is equivalent to
10 < N Thus, the sumwith N= 10 will do the job.

mintegral test, to
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8. (10 pts.) Find the radius of convergence and the interval of
convergence of the power series function

zw: (-1)%(x - 3)k
= (k+1) 10
First observe that the series is centered at x = 3. Then we

apply the ratio test for absolute convergence in order to
determ ne the radi us of convergence of the power series.

e ues o 1 k+1,, _ _ 1 _
p(x)-—lkljmn_j_uk_r = ... —LtgLTUR:Z\x 3\-—IU\X 3.
Now, p(x) <1 if, and only if |x - 3] <10. Thus, R= 10 is the
radi us of convergence. The endpoints are x, = -10 + 3 and

Xg = 3 + 10. \When you substitute x, into the power series and

sinplify the al gebra, you obtain E:iﬂ-E%I whi ch diverges. Wen

you substitute Xz into the power series and sinplify the al gebra,

you obtain }:?ﬂ.&%%%ﬁ whi ch converges. | = (-7, 13].

9. (10 pts.) (a) Apply the alternating series renainder
estimate to estimate the error in approximating the sumof the
series

S (1
D

n=1

by the sum

[Sinply wite an appropriate inequality.]

| f we denote the sumof the series by S and the partial sum
above by S;, then the error estimate fromthe alternating series
test inplies that |S - S < 1/(6)° = 1/216. O course you nay
also wite this as |R/| < 1/216

(b) Find a positive integer N such that the partial sum

nﬁ;(_l)m(%)

approxi mates the sum of the series

50

to 4 deci mal places, and prove your N actually does what you
claim

Let S denote the sumof the series and S, denote the Nth
partial sum above. Then the error estimate fromthe alternating
series test inplies that |S - Sy < 5/(N+1)°% Consequently, to
obtain 4 decimal place accuracy, it suffices to find a positive
integer N so that 5/(N+1)°® < (1/2)10* Now this last inequality
is equivalent to 10° < (N+1)° or 9 < N. N = 9 does the job.//
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10. (15 pts.) (a) Using known power series, obtain a power
series representation for the function f(x) = (x - arctan(x))/x>.
Wite your answer using signma notation.

f(x) = X - ar;gan(x) _ —ll x - 53 (_1)kx2“l]

1w ( 1)k1 o (1)k ~
__32 X2k1 kz; 2k2 Z J+

(b) Find a power series representation for the function f(x)
bel ow by doing termM se integration. Wite your answer using
si gma not ati on.

R N NP

k=0
_ T > vk 4 2k _T ® (_1)kX2k+l
I SRR L I D

for -1 < x < 1.

(c) Beginning with the power series function

f(x) =§wj(1)kxk
=\2
defined for x satisfying |x| < 2, differentiate termvise to find
the series representation for f'(x). Wite your answer using
si gma not ati on.

D ]
(x) = x k[J= k )xkl.
Heo = koa_E2 U Z

also for x satisfying |x| < 2. Wiy "k=1"?? Renenber our gentle
person’s agreenent with respect to constant terns and sigma
not ati on???

11. (5 pts.) Wth proof, determ ne whether the given series is
conditionally convergent, absolutely convergent, or divergent.

0

(-1)*
y (L

k=1

Since the series of absolute values is given by

a convergent p-series, the original series is absolutely
conver gent

10 Point Bonus: (a) The power series function f(x) in 10(b) above
may be witten in terms of an old friend. Do so and reveal the
true identity of f(x) in 10(b). (b) Obtain an infinite series

t hat converges to the exact value of arctan(2). [ Say where your
work is. It won't fit here.] c2-t4-b.pdf has this.



