NAME: QgreQgre [Brief Ans.] TEST1/ MAC2312 Page 1 of 4

READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and
arguments. Wite using conplete sentences. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and "<"
denotes "is equivalent to". Si nce the answer consists of all the magic transformations, do not "box" your final
results. Communicate. Show nme all the magic on the page, for | do not read minds. Eschew obfuscation.

1. (5 pts.) Express the foll owi ng sumusing signma notation, but do
not attenpt to find its nunerical val ue.

1—1+1—1+1—1=X7:(_1)k
7 3 47 5 6 7 A& K

2. (5 pts.) otain the upper limt of summation and rewite the
summand in order to make the follow ng equation true. Do not attenpt
to evaluate the sum

45 42
Yk? = Y () +3)?
k=4 =1

sincej =k - 3is equivalent to k =j + 3.

3. (5 pts.) Express the following limt as a definite integral. Do
not attenpt to evaluate the integral.

L= lim Y 4x(1 -3(x0)?»)Ax,; a=-4, b=1

max Ax, - 0 (=1

L = Jl 4x(1-3x2) dx
-4

4. (10 pts.) If the function f is continuous on [a,b], then the net
signed area A between y = f(x) and the interval [a,b] is defined by

A=|im§njf(x;)Ax.

n-o j—

Reveal all the details in obtaining the nunerical value of the net
signed area of f(x) = x> over the interval [0,1] using the definition
above with

*

Xk

the right end point of each subinterval in the regular partition.

n n 2
A=1imY f(x)Ax =i mZ(_k) 1
n-o =9 n-o =9 n n
=||m(i) k2—|im(”(”+1)(2”+1))
n-o \ N3 n- o 6n3
—1im 1 1 1, _ 1
Img(lm)(225) = 3
since Ax = 1/n and x, = k/n for k =0, 1 ., h are the end points

of the intervals of the general regular’péftition.
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5. (5 pt S. ) Using a conplete sentence and appropriate notation, state precisely the First Part of the
Fundanent al Theorem of Calculus. [This is sonmetimes called the Evaluation Theorem]

If f(x) is continuous on [a,b] and g(x) is any antiderivative of
f on [a,b], then

[, fO0 dx = g(b) - g(a).

6. (5 pt S. ) Eval uate the follow ng using the 1st Part of the Fundanental Theorem of Cal cul us.

Jl 1 dx =tani(x)|Y=tan(1) -tani(-1) = T -(-Ty - T

1 Tox2 Z z’ 7
7. (5 pt S. ) Usi ng conpl ete sentences and appropriate notation, state the Second Part of the Fundanental
Theorem of Cal cul us. . . . .
/1 Let f(x) be a function that is continuous on an interval I, and
suppose that a in any point inl. |[If the function g is defined on

by the formul a

g(x) = [ f(1) dt,

for each x in 1, then g'(x) = f(x) for each x in |

8. (10 pts.) A particle noves with a velocity of v(t) =1t? - 1 along
an s-axis. Find the displacenment and total distance travel ed over the
time interval [0, 2].
Di spl acenent = sz(t)dt = J2t2—1dt =... =2
0 0 3
Total Distance = J;v(t) dt = j;tz—ldt =... =2

[ See Exanple 8, Section 6.6 of Anton’s 8th.]

Silly 10 Poi nt Bonus: Show how to use the Mean-Val ue Theorem of
Differential Calculus to prove that

* 1 x-1 ] 1

(*) x_+I<L T dt <5

for each x > 0. [Say where your work is, for it won't fit her.]
[IFix x > 0. Then f(t) =1In(t) is continuous on the closed interval

[ X, x+1] and differentiable on the open interval (x,x+1). Applying the
Mean- Val ue Theorem of Differential Calculus to f on [x,x+1], there is
a nunmber c in (x,x+1) with

%=f/(c) - In(x=1) =In(X) _ | p(x+1) -In(x) .

(x+1) -x
W see that (*) follows since 0 < x < c < x+1 inplies that
1 1 1
< - < =
x+1 C X

and the definition of the natural log inplies

j“ tl dt = In(x+1) -l n(x) .

X
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9. (5 pts.) Wite the solution to the following initial value
problemin terns of a definite integral taken with respect to the
variable t, so the differential denoting the variable of integration
is dt.

dy: 2 tan(x) 1 =
dx sec?(x)e withy(mw4) =5

y(x) = J sec?(t)eta(dt + 5

w4

10. (5 pts.) If the given integral is expressed as an equi val ent
integral in terns of the variable u using the substitution u = x? - 1
so that the equation belowis true, what are the nunerical val ues of
the newlimts of integration a and B, and what is the new integrand,
f(u) 2?? OCbtain these but do not attenpt to evaluate the du

i ntegral .

Jz x2-1]2x dx = Jsf(u) du
0 a
a = -1 B = 3 f(u = |ul

11. (5 pts.) (a) (3 pts.) Gve the definition of the function |In(x)
internms of a definite integral and give its domain and range. Label
correctly. (Hnt: Conplete the sentence,”"In(x) = ... .")
I n(x) =jxldt
1t

for x > 0. The domain of the natural log functionis (0,0, and its

range is the whole real line, (-0, ).
(b) (2 pts.) Gven lIn(a) = -20 and In(c) =5, evaluate the foll ow ng
i ntegral .

[7%_ dA = In(a) -5In(c) = (-20) - (25) = -45

12. (10 pts.) Find each of the follow ng derivatives.

dJ]*x sin(t) _ sin(x)
(2) _CIY_L t—dt}‘T

tanl( tan(x))sec?(x) + 2x

d [ tan(x) » 5
(b) &l L tani(t) dt - x }

X sec?(x) + 2X
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13. (5 pts.) Evaluate the following limt:
2x (2u/ 3) 2
|_=|xiﬂr;p(1+317) =Iuiﬂr:1(1+%)u = ... =e*

using the substitution u = 3x.

14. (10 pts.) Evaluate the following two suns in closed form

20

1 1 y_ 1 1 _ 399
(a) ;(W_(k—l)z)_(ZO)Z T~ 200

20 19 3
(b) Y 3k=Ya1-_ . =3[30._q
k=1 i-o 2

15. (10 pts.) Let the function g be defined by the equation
g(x) = J (3t2+1) V2 dt
2
for x € (- ,0). Then since

/ - 2 12 /1 - 3x
9/(x) - (31" and g(x) -

(a) g(2) =0
(b)  g/(2) =13

() g2 = 2
V13

(d) Determ ne the open intervals where g is increasing or

decreasing. Be specific.
By considering the sign of g’ above, it is evident that g is

increasing on all of R = (-00,0).//

(d) Determ ne the open intervals where g is concave up or
concave down. Be specific.

By considering the sign of g” above, we can see that g is concave
down on (-, 0) and concave up on (0,c).//

Silly 10 Poi nt Bonus: Show how to use the Mean-Val ue Theorem of
Differential Calculus to prove that

1 11 1
x_+I<L dt <5

for each x > 0. [Say where your work is, for it won't fit her.]
[ Proof can be found on the bottom of Page 2 of 4.]



