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READ ME FlI RST: Show all essential work very neatly. Use correct notation when
presenting your conputations and argunments. Wite using conplete sentences. Renmenber
this: "=" denotes "equals" , "O" denotes "inplies" , and "=" denotes "is equival ent to".

Since the answer really consists of all the magic transformations, do not "box" your
final results. Conmmunicate. Show ne all the nagic on the page. Eschew obfuscation

1. (10 pts.) ot ain the second Tayl or polynom al p,(x) of the function
f(x) = x¥?2

at x, = 4.
Pl ai nly,

f/(x) =(1/2)x Y2 and f//(x) = -(1/4)x 2

for x > 0. Thus,

fO4) =2, f0(4) = 71[, and f(2(4) = —(1/4)(4) ¥2 = -

Consequently, the second Tayl or polynonmial at x, = 4 is

gjra

p(x) = Y A (x-4* 2 - Lx-a) - L(x-a)2

k=0

2. (10 pts.) Suppose t hat

— (1)K (x - 1)K
f(x) = (
() g; k 10k
Find the radius of convergence and the interval of convergence of the power series

function f.
/1 To use ratio test for absolute convergence, we conpute

k 1 B _ 1 B
m)mx 1] = folx-1.

. a .
p(x) =1lim| k*1=I|m(
k a k - o

- 0 K

Pl ainly,
p(x) <1 = Tlg\x—1\<1 - |x-1| < 10.

Thus, the radius of convergence is R = 10. By unwapping the rightnost inequality above,
we can obtain the interior of the interval of convergence, nanely, the interval (-9, 11).
Substitution of x = -9 into f yields

y D™y 1

k=1 K =8
whi ch diverges. The substitution of x = 11 into f yields
X"’:(—l)k
= K

which is a convergent alternating series. Consequently, the interval of convergence is |
= (-9, 11].



TEST3/ MAC2312 Page 2 of 5

3. (10 pts.) Each of the follow ng power series functions is the

Macl aurin series of some well-known function. In each case, (i) identify
the function, and (ii) provide the interval in which the series actually
converges to the function.

(a) §2'£6§%;§;;i =sin(x) for x I = (-oo, ).

b k
b X" —ex for x M = —00, 00) .
(0) Y X (-0, )

(¢c) kf;(_‘?k%ﬁ - tan(x) for x O[-1,1].

(d) g;(_(__lz)lz;)!(i=cos(x) for x [Tl = (oo, c).

(e) kf;(_‘%kl)ﬁ - In(1+x) for x O0(-1,1].

4. (5 pts.) Express .272727... (repeating) as the ratio of two positive
integers. [The ratio does not have to be in | owest terns.]

.272727... = 27/99 = 3/11
5. (5 pts.) Prove the infinite series belowis conditionally convergent.
[ Hel pful Hnt ?? : In(k) < k when k > 1.]
' (1)
(*) kz;—,—(-lz)—n
First, the series of absolute values is given by
* % - (_1)k+1 - - 1
(**) kZ;H_CIZTn | k_ZH_CIZTn :

By using the hel pful hint, it follows that

1 . 1
k- Tn(k)

for k = 2. [ Watch that division by zero problem Folks! ] Since the

har noni ¢ series diverges, by using conparison test with the appropriate

tail of the harnonic, it follows that (**) above diverges. Hence (*) above

is not absolutely convergent. Gbviously (*) is an alternating series.

(bserve that since your friendly natural logarithmis an increasing

function and positive for k = 2,

1 1 : 1
> > =
MK Mk=T) for k 22, and Ltg]Tﬁ(KY 0
since In(k) - o as k - . Thus, alternating series test inp
converges. Since (*) converges, but not absolutely, (*) is
conver gent.

lies that (*)
conditionally
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6. (5 pts.) Using root test, determine whether the follow ng series converges.
fp2f
“ig- S0
l l
Ik
. . 2 kO . 2
Si nce =limfL— < __ =lim___°<____ =2>1,
P=i %1 = (1/k2)) S e VA
root test inplies that the series above diverges.//
7. (5 pts.) Usi ng conparison test or limt conparison test, determine whether the follow ng series converges.
=~ 10k+1
k=1 2+3k3
Since A0k+l o 11 ¢o k>1, and Z% is a nonzero multiple of a
k=1

2+-3k® k2

convergent p-series, and so convergent, conparison test inplies that the
seri es above converges.//

8. (5 pts.) Does divergence test tell you anything about the follow ng series? Explain briefly. Note: You do
not actually have to deternmnine whether the series converges.
i”: 101 n( k)
= 23K
. : 101 n(k) _ . . . .
Since |im - = 0, divergence test yields no information about
k - o 2 3R

t he convergence of the series above. That the sequence of terns have limt
zero is a necessary, but not a sufficient condition for the convergence of
the series.//

9. (5 pts.) Using integral test, determine whether the follow ng series converges. [Hi nt??: Begin by defining
f(x) appropriately.]
[oe]
Y RToET
k=2 n
4

First, set f(x) = = for x O0[2,0). Plainly, f is positive and

XTn(x)

continuous on the interval [2,o). Since

, _ “4(In(x) +1) o
f/(x) CIIEDE <0for xO(2,,),

f is decreasing on [2,o). W nay use integral test now Since

J:X r?x dx =IbimJ2leT4(7de =1im[ 4In(In(b)) - 4In(In(2)) ] = e,

integral test inplies that this series diverges.//
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10. (20 pts.) ot ai n the exact nunerical value of each of the
following if possible. If alimt doesn't exist or an inproper integral or
an infinite series fails to converge, say so.
w0 . b . ~ b . - _ 1
(a) j ede=I|mJ exdx=I|m(—eX)‘ —lim(et!-eb) = L
1 b-o |1 b - o 1 [ e
<)
= . = o — 1/1) € 1
b ek: e(]*l) = _(_) = =
(b) g; ;; ;; ele 1__(1) e -1
e
(c) 2 ;
1 b 1 L2 -1
dx =1im dx =1im du
L (2-x) 12 b2 L (2-x)72 b2 L TEE

=IimJl uv2du = lim[ 2(1)¥2 - 2(2-b)¥2 ] = 2.
b - 2-

b2 J2-b
by using the substitution u =2 - x.

(d) Iin1cos( Ingn)) = cos(0) =1
since cosine is continuous and lim ! N(M _ g

noow n

This last imt may be seen in a variety of ways. You could use

| "Hopital’s Rule with the real version of the limt. You could also be
cute and squeeze by a making a clever use of the inequality In(x) < x for
x = 1.

Silly 10 Point Bonus: Show howto find an interval that is symretric about
the origin where sin(x) can be approximated by p(x) = x - x36 wth two
deci mal place accuracy. [Indicate where your work is, for it won't fit
here. ]

It turns out that p(x) above is both the third and fourth Macl aurin
pol ynomi als for sin(x). Consequently, since the fifth derivative of sinis
bounded in magnitude by 1, it follows fromthe Remai nder Estinmation Theorem
that if x is any real nunber, we may wite

5

. ~ _ . ~ ~ 3 X‘
sin(x) - p(x) | sin(x) - (x -(16)x3) | < o0
Thus, to obtain the desired accuracy, then, it suffices to have
X [° 1102
o < 710"
Now
_‘IXZ‘C;<,1£10*2 - x| <(.6)Ys.
An interval that does the job is | = (-(.6)Y5 (.6)Y%).

Note: Even without a calculator it is very easy to see that the interva
above contains the interval J = (-0.6, 0.6). How??
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11. (6 pts.) Suppose

[

f(x) = ; Tf(kxz—OE;)k

for every x € (-15,25). By differentiating f termby-term obtain a power
series function that is the sane as f'(x). Use sigma notation as in class.

9]

_« d ng—5)k5_ = TK(x-5)k?1 _ T x -5) k1
f/ — = = .
(x) kz;_dYD K20F Y —120 2.~

k=1

This is an old geonetric beast that you can actually sum Furthernore, you
shoul d be able to figure out a useful alias for f.

12. (6 pts.) Using signa notation as in class and an appropriate

Macl aurin series, by doing termby-termintegration, obtain an infinite
series that is equal to the nunerical value of the followi ng definite

i ntegral .

Jol e dx = Jolgg (—X_Z)k dx = :O Jol(_‘lkl!ﬂ dx
=:0(_].-)kJ01X2kdX=k§; (ll)k._
13. (8 pts.) (a) By substitution into an appropriate Maclaurin
series, obtain the Maclaurin series for the function
F(x) = 91+?<2

[Hint: You nust do a little algebra before substituting. Expect to neet an
old friend??]

(b) What is the domain of the function f?

(c) What is the interval of convergence for the Maclaurin series of f??

_ 18 _ 2 v (—1)x2)k_ — 2( -1) kx 2
f = = =2 =
(a) (x) 9 +x2 1_(_)(2) kZ;( 0 kZ;) 9
o
provi ded t hat
I LI

(b) Plainly, the domain of f is R = (-0, ).

(c) The Maclaurin series is a geonetric varmnt. Consequently, the

i nterval of convergence may be read off of the inequality above with no
additional real work: | = (-3,3)

Silly 10 Poi nt Bonus: Show how to find an interval that is symetric about
the origin where sin(x) can be approximated by p(x) = x - x36 wth two
deci mal place accuracy. [Indicate where your work is, for it won't fit
here. ] This nmay be found on Page 4 of 5.



