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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and argunents.
Wite using conplete sentences. Be careful. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and "<" denotes
"is equivalent to". Since the answer really consists of all the magic transformations, do not "box" your final results.
Conmuni cate. Show ne all the magic on the page.

1. (25 pts.) The region in the first quadrant encl osed by the curves
y = cos’}(x), x =0, and y = 0 is sketched below for your conveni ence.

A (a) Wite down, but do not attenpt to
evaluate the definite integral whose

nunmeri cal value gives the area of the region
Rif one integrates with respect to x so the
differential in the integral is dx.

Area = [1cosl(x) dx
0

(b) Wite down, but do not attenpt to
evaluate the definite integral whose

T numeri cal value gives the area of the region
Rif one integrates with respect to y so the
differential in the integral is dy.

Area = sz cos(y) dy
0

(c) Using the nmethod of disks or washers, wite a single definite integral
dx whose nunerical value is the volune of the solid obtained when the
region R above is revolved around the x-axis. Do not evaluate the

i ntegral .

Vol une =J;'n(cosl(x))2dx
(d) Using the nmethod of cylindrical shells, wite down a definite integral
dy to conmpute the sane volunme as in part (c). Do not evaluate the
i ntegral .
2
Vol une = [0 2my cos(y) dy

(e) Wite down, but do not attenpt to evaluate, the definite integral that
gives the arc-length of the curve y = cos’(x) fromx =0 to x = 1/2.

/2 \2
Lengthfl/z\/lJr(dy/dX)deflAJlJr( 1 J dx
Q Q

1-x*
1/2 — 52
:f 2 Xﬁ dx
0 1-x°

cos - (0)

or

Length=f , V 1+ (dx/dy)? dy=fn/2\/l+ (-sin(y))“ dy
cas - (1/2) n/3

/2 -
=f V1 +sin®(y) dy
n/3
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2. (15 pts.) (a) (10 pts.) Using literal constants A, B, C, etc., wite
the formof the partial fraction deconposition for the proper fraction
below. Do not attenpt to obtain the actual nunerical values of the
constants A, B, C, etc. Be very careful here.

4x2+5 _ A, B  C  Dx+E, Fx-+G
(x+1)3(9x2%+4)?2 x+1 (x+1)2 (x+1)3 9x?+4 (9x?+4)?
(b) (5 pts.) If one were to integrate the rational function in part (a),

one probably woul d encounter the integral below Reveal, in detail, howto
eval uate this integral

1 _ 1 dx _ 1 1
| oz 1 1 +(3x_)2 HE=rts
Z

_1 1 _1 1 3X
stani(u) « C= <tan (jr)-rc

using the substitution u = 3x/2. You could also use the trig substitution
tan(8) = 3x/2 to beat up on this varmnt.

3. (60 pts.) Eval uate each of the follow ng antiderivatives or definite
integrals. G ve exact values for definite integrals.
[6 pts./part]
(a) ‘ 2x cos(x) dx = 2xsin(x) - [ 2sin(x) dx = 2xsin(x) + 2cos(x) +C
by intégrating by parts using u = 2x and dv = cos(x) dx.
(b) 2
(WA ox sin(x?) dx Lﬁz sin(u) du = (-cos(u))
0

-cos(m2) - (-cos(0)) =1
using the u-substitution u = x2

Silly 10 Poi nt Bonus: What nagi cal theorem ensures that all real
functions f that are continuous on an interval, |, have real honest-to-
goodness antiderivatives that are alive and well on the interval, 1??

State and prove the magical theorem//

What is being sought is the second part of the Fundanmental Theorem of
Cal culus. Perhaps nost sinply it could be stated thus:

Let f be a function that is continuous on a non-degenerate interval |
and let a be a nunber inlI. [If the function g is defined on | by the
formul a

g(x) = [ f(1) dt,

for each x inl, then g'(x) = f(x) for each x in |

You can, of course, find a proof of this in Anton’s ET 8th Edition on
about page 404 that uses the Mean-Val ue Theoremfor Integrals. Think of it
as a squeeze in time saves nine. You don’t have to use the Mean-Val ue
Theorem for Integrals if you are willing to shoul der sone epsilon antics.
See the bottom of page 3.
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3. (Cont | nued) Eval uate each of the followi ng antiderivatives or definite integrals. G ve exact values for
definite integrals.

[6 pts./part]

(c) tan(x) dx = xtan?*(x) - X _dx = xtan?(x) - 1 n( x2+1) +c
1+x2 2

by integrating by parts using u = tan'}(x) and dv = 1-dx, and then performi ng an obvi ous u-substitution.

(d) J x2exdx = x2%ex - J 2xe*x dx = ... =x2e* - 2xeX + 2e*x + C

by integrating by parts twice in succession, all the while continually picking on our really beloved exponential function as
the recogni zed derivative.

} sin?(t) g =Jsec(t) - cos(t) dt

cos(t)
=In|sec(t) +tan(t) | -sin(t) +C
after disinterring Pythagoras. [If you cannot fill in the mssing step by using a suitable trig identity or two, go directly
to Appendix A. Do not pass go, etc.]
[ VT =57 dt = [cos(8) ap = [ 1120220 4
-8, sin(28) , . _ 6 , sin(B)cos(8) | .
2 4 2 2
= %(sin’l(x) + xy1-x2) +C

using the obvious trigononmetric substitution x = sin(B). O course you could also try integration by parts, but that route
isalittle thornier.

Bonus: [ Conti nued. ] Suppose X Is an interior point of I and f is
continuous at x. Let € >0. If f is continuous at x, there is a snal
nunber & > 0 so that if |t - x\ < ), then f(t) - f(x)| < €/2. Gab this
wee 0. Suppose that we have 0 < \h\

If O < h <9, then [x,x+h] O (x-39, x+6) Consequent | y,

i 9(x-h) ~ 9% - (x) ‘=H_J:+hf(t) - f(x) dti
< %J“ f(t) -f(x) | dt
S%J;hgdt < e

If -0 <h <0, then we al so have [x+h,x] O (x-9,x+d). Thus,

g(x=h) -g(x) _ _
| . f(x)} }

| “TEt) - f(x) dt}

=
=}%th(t) ~f(x) dt}

< 1 J F(t) -f(x) | dt

1 X g
‘Th—erm*zdt =&

It now follows fromthe silly €-& definition of the desired limt that we
are wel | -cooked. //
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3. (Continued) Evaluate each of the follow ng antiderivatives or definite
integrals. Gve exact values for definite integrals.

- 21n(2) +JZT

1 2x4+4x3 _ [ oy2 _ 5 _ 4x-2 _ _ 2
(9) JO T dx —.h 2x?% + 4x - 2 7T dx = ... =

after doing an easy |ong division.
(h) [si n(4t)cos(2t) dt =J2$i n(2t)cos?(2t) dt = —ﬁ@ ‘e

using the trig identity sin(4t) = 2sin(2t)cos(2t) and an obvi ous u-
substitution.

Jsi n(4t)cos(2t) dt = %j sin(6t) + sin(2t) dt
=—z§écos(6t) —.%cos(Zt) +C

where we have used that identity
sin(4t)cos(2t) = (1/2)[sin(4t+2t) + sin(4t-2t)]

whi ch nmay be obtained in real time quickly fromidentities you should have
stored in your bio-conputer.

Note: This antiderivative can be obtained in at |east three different
ways. Two involve the easy use of trigononetric identities, and the third
is a thorny integration by parts. Above, you will have seen the easy trig
or treat routes.

|+C.

. 1 U2 o 12 4. 1, ]x-1
D e il =l AT

after perform ng an easy partial -fraction deconposition.

(i)

J cos(x)ex dx cos(x)eX——[ (-sin(x))e* dx

/

cos(x)ex +

sin(x)ex —J'cos(x)exdx)

by integrating by parts twice in succession, all the while continually
pi cki ng on our bel oved exponential function as the recognized derivati ve.
Solving this little linear equation allows us to wite

J si n(x) ex dx =( si n(x) +cos(x) )eX e

2
Silly 10 Poi nt Bonus: What magi cal theorem ensures that all real
functions f that are continuous on an interval, |, have real honest-to-
goodness antiderivatives that are alive and well on the interval, 1??

State and prove the magical theorem//Say where your work is, for there
isn't roomhere. Look on pages 2 and 3.



