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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and argunents
Wite using conplete sentences. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Since the answer really consists of all the magic transformations, do not "box" your final results
Communi cate. Show nme all the magic on the page. Eschew obfuscation

1. (6 pts.) (a) Using conplete sentences and appropriate notation, give
the precise € - N definition of
(*) lima, = L.

n - o

W wite (*) above if L is a nunber such that, for each €¢ > 0, there is a
positive integer N, dependent on g, such that for every positive integer n,
if n>N then | a,- L | < &.

(b) Gve the precise mathematical definition of the sumof an infinite
seri es,

(**) Zak
k=1
A nunber s is the sumof the series (**) above if

n
s =lim) a,.

n - o k=1

If the limt fails to exist, the series is said to diverge.

2. (2 pts.) Suppose that

Y a, = —_1_25 and Y b, =6.
n=1 n=1
Then we have
Z(GOan v gbn) - .= 60(—_1_25) v g(a) - 2.
n=1

3. (12 pts.) (a) [Conplete the following.] A p-series is a series of
the form

This series converges if p > and this series diverges if

p <1

(b) [Conplete the following.] A geonetric series is a series of the form
Y ar«
k=0

This series converges if rl <1 and this series diverges if

r| > 1
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4.
S,,

(5 pts.)

is used with n =

s,

1
I3

since Ax

1
2z

4.

, and x, =1 +

Consi der the definite integral
used to approximate the value of the integral
Do not attenpt to evaluate the sum Be very careful.

Jg x4 dx

1

k _ 2 +k
_2' 2’

the regular partition we need.

( (2)M4+a(2)Va2( L) uaag(S) Lo ( SV )

below. Wite down the sum

below i f Sinpson’s Rule

for k =0,1, 2,3, 4. are the points of

5.

(5 pts.)

Make an appropriate u-substitution of the form

u=x¥Y"or u=(x + a)¥" and then evaluate the integral.

dx 4u3 -4
= du = du
J x(x - x1%) J u*(1l-u) J u(u-1I)
_ 1 _ _ X1/4
-—4J T C g AU =4in| o |-C
using the substitution u = x¥4 so that x = u* and dx = 4u® du.
6. (5 ptS) Evaluate the followi ng integral using the substitution u = tan(x/2).
1 1 2 2 .
dx = . du=| < __du=-2(u-1)*+C
J 1 -sin(x) J 1_( 2u) 1+u? J (u-1)2 ( )
1+u?
_ 2
" Ttangazr ©

To use the substitution, fromthe triangle to the right,

that sin(x/2) = u/(u? + 1)Y2 and that cos(x/2) = 1/(u? + 1)¥2 ~ Then

sin(x) = 2u/(u®> + 1) and cos(x) = ( 1 -
implies x = 2tan!(u),

and dx = (2/(u? + 1)) du.

you nmay read of f

u? )/ (u? + 1) using double angle fornulae. And finally, u = tan(x/2) x
Now put all this to work to evaluate the integral.

7.
(a)

(10 pts.) Evaluate the integrals that converge.

/

+o0

1

1

xVyx? - 1

dx =

1

N L S
Toxyx® -1 2 xyx? -1
N ] . (b ]
lim : 1 dX+llmf ;dx
a-1"72 x\/x? -1 b d2 xx? -1

lim [sect(2) - sec

(a) ]

. =1lim
b1

+ 1im [sec t(b) - sec *(2) ]
b - =

[3-3(1-b)¥3] =3.
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8. (4 pts.) Find the general termof the sequence, starting with n = 1,
determ ne whet her the sequence converges, and if so, find its limt.

(V2 = v3), (V3 -va), (V& -V5)

a, =vn+l -yn+2 for nz=1. Thus, lima, = lim -1 = 0.
n- o n-= J/n+1 + /n+2

bserve we are dealing with a sequence. Note the commas. Note that no squeezing is needed, but it does provide an
alternative legitimate route to the limt.

9. (4 pts.) Express the repeating decinmal as a fraction.

_ 14
0. 141414 .. = 99

either by using the "high school” method or summing an appropriate geonmetric series.

10. (4 pts.) [Conplete the followng.] The harnonic series has the form

1
2

What is the sumof the harndni ¢ Seri €S? The harnonic series does not converge, and thus, has no

sum

[

11. (8 pts.) Determne whether the series converges, and if so, find its
sum

(a) E:( ) 7 This is obviously a geonetric series with r = -4/3.
Since |r| = 1, the series does not converge. No sum

_ : 2 \ (2 _ 2 \_1
(b) Z(k+3)(k+4) In'mz;(k_s ﬂ) ln'qT(Z m) 7

Note: Here the definition of the sumof an infinite series MJST be used.

12. (5 pts.) Find all values of x for which the series converges, and
find the sumof the series for those val ues of x.

e*X + e*ZX + e*SX + e*4X + e*5X +

Evidently, this is a geonetric series. Witing it using sigm notation
makes things easy. Thus,

[

Ser-ylerer) - & -1

=0 l1-ex* ex -1
provi ded that we have

\e’x\< 1, or er*<1, or 0 < x.
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13. (4 pts.) Use ratio test to determ ne whether the series converges, If
the test is inconclusive, say so.

k! g (k+1) !/ (k+1)® _ k® :
o Since p = Ltg1 AT Ltg](k+1)2 o, and p > 1, ratio

test inplies that the given series diverges.

NE

x|
n
[N

14. (4 pts.) Use root test to determ ne whether the series converges. If
the test is inconclusive, say so.

© K . _ \@’k 1k

root test inplies that the given series converges.

15. (4 pts.) Use conparison test to show the foll ow ng series converges.

f:SSiN(M Plainly, for k 21 we have 0 < 5-sin? k)/k?® < 5/k? Since the
k2 p-series k2 converges, the series 3(5k?) converges.
Conpari son against this |ast series now by using the
inequality at the beginning of the paragraph allows us to
conclude that the given series converges.

k

"
=

16. (4 pts.) Apply the divergence test and state what it tells you about
each of the follow ng series.

0 . 1
1
(a) 2; . Si nce LLQLRT

di vergence test provides no information concerning the
convergence of (a).

0,

k =

(b) i K since tim YK Cyim_ 1 -1
1 k-3 “oo k-3

the limt of the sequence of terns is not equal to zero. Thus, divergence
test inplies that (b) diverges.

17. (4 pts.) Confirmthat the integral test is applicable and then use it
to determ ne whether thefoll ow ng series converges:

- k Let f(x) = x/(1+x?) for x =2 1. Cearly f is a positive
“~ 1-kZ continuous function. Since f’'(x) = (1-x)/(1+x?)? < 0 for
x > 1, f is decreasing on [1,o). Evidently the terns of the
series are given by f(k). Thus we may apply integral test.
Since we have

00 _ o X l b
L F(x) dx Jl 1+x? dx lblﬂT_ZJ 1+x2 dx
—1im| 1L 2y - 1 _
L[T{*z'”(“b) 7' ”(2)} o

integral test inplies that the given series diverges.
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18. (6 pts.) Consider the sequence

al = \/g
a, =\/6+,/6
a, =\/6+/6+/6

a, = \/6+\/6+x/6+\/€

(a) Find a recursion fornula for a,,;.

/6 + a fornz>1,.

n+1 = V n

a

(b) Assum ng the sequence converges, find the limt, L

L =1ima,, = [6 + Tima, =/6 + L
lies that L> - L - 6 =0, sothat L =3 or L =-2. Since the sequence
nonnegative, the limt, if it exists nust also be nonnegative. Thus it
[

i mp
is
is inpossible for L to be -2. As a consequence, L = 3.

19. (4 pts.) Fromthe definition of a limt of sequence, we know there is
a positive integer Nso that if n > N, then

on -5/ < .0008

si nce

: 5n  _

I Ma= = °
Find a positive integer N which works and prove it provides the desired
error bound. [You don’t have to get the best. Just obtain one the you can
prove works, and then convince the skeptics.]

Scratch: For n > 1,
|(5n/(n+3)) - 5| < .0008 |-15/(n+3) | < 8-10°*°
15/ (n+3) < 8:10°*
(1.875)10* - 3 < n
18747 < n 1111

g 003

Let N = 18748. |If N = 18748, then if n > N, then n > 18747, which is
equivalent to [(5n/(n+3)) - 5| < .0008 fromthe |ogical equival ences in
our scratch work. All you have to do is take the path frombottomto top

Silly 10 Poi nt Bonus: Prove that the sequence {a,} of Problem 18 actually
converges. Say where your work is, for it won't fit here.



