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STUDENT NUMBER: 0000000 EXAM NUMBER: 00

Read Me First:

Read each problemcarefully and do exactly what is requested. Ful
credit will be awarded only if you show all your work neatly, and it is
correct. Use conplete sentences and use notation correctly. Renmenber that
what is illegible or inconprehensible is worthless. Comunicate. Eschew
obfuscation. Good Luck! [Total Points Possible: 120]

1. (20 pts.) (a) Using a conplete sentence, state the first part of the
Fundanent al Theorem of Cal cul us, the eval uation theorem

/1 If f(x) is continuous on [a,b] and g(x) is any antiderivative of f on
[a, b], then

fb f(x) dx = g(b) - gla).

(b) Using conplete sentences, state the second part of the Fundanent al
Theorem of Cal cul us.

/1 Let f(x) be a function that is continuous on an interval I, and
suppose that a in any point inl. |If the function g is defined on | by the
formul a

glx) = [ £(e) de,
for each x inl, then g'(x) = f(x) for each x in |.//
(c) Conpute g'(x) when g(x) is defined by the foll owm ng equation

g(x) = fOX et" + 5 dr + sin ' (x)

x? 1
(d) Gve the definition of the function In(x) in terns of a definite
integral, and give its domain and range. Label correctly.
_(* 1
1n (x) _/1 < dt

for x > 0. The domain of the natural log functionis (0,0, and its range
is the whole real line, (-o,c).

(e) Wite the solutionto the followng initial value problemin terns of
a definite integral taken with respect to the variable t, so the
differential denoting the variable of integration is dt. Then reveal an
alternative identity of y by actually evaluating the definite integral with
respect to t.

dy 5 1n%(x)

= ———- > with y(e) =6.
dx X

y(x) =6 +th_Eé£%i£L de

6 + In"(x) - In“(e) = 1In°(x) + 5.
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2. (5 pts.) Suppose that
o (C1) Ry - 3)k
rix) = -
X ]; kz 51(
Find the radius of convergence and the interval of convergence of f.

/1 To use ratio test for absolute convergence, we conpute

p(x) = lim |

Ao
k - w ay

- L () a3 = 23l

Pl ainly
p(x) <1 o 2L]jx-3/ <1 o |x-3]<5.

Thus, the radius of convergence is R= 5. By unwapping the rightnost inequality above, we can obtain the interior of the

interval of convergence, nanely, the interval (-2,8). Substitution of x = -2 into f yields
oo
k=1 g2

whi ch converges. Also substitution of x = 8 into f yields

Zm (,l)k*r,
k=1 k2

whi ch al so converges. The interval of convergence: | = [-2,8].
3. ( 1() pt S. ) Each of the followi ng power series functions is the Maclaurin series of sone well-known
function. |In each case, (i) identify the function, and (ii) provide the interval in which the series actually converges to

the function

(a) g% - In(1+x) forxe (-1,1].
(b) ;Xk = 1_%){ for x € (-1,1).
(c) g% - cos(x) forx€R = (-0, o).
(d) g% = tan'(x) for xe [-1,1].
(e) i% = sin(x) forxeR = (-0, ®),
4. (5 pts.) Let f(x) = sin(znx) .

Obtain the 3@ Taylor polynom al of f(x) about x, = 1.

(x) = F(1) + £ (x-1) . £2) (x-1)2 , £97 (1) (x-1)°

Ps 1! 21 31
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5. (8 pts.) (a) ln(2) = Yo, (&

k

Use the error estimate fromalternating series test to deternmine a specific value of n 2 1 so that the partial sums,
approximates In(2) to 5 decimal places, where, of course,

n o (-1)*

S, = k=1

Si nce

|5, - 1n(2) | < . for n>1,

n+1l
it suffices to find a positive integer n so that

= s(%)lO‘E

n+l Z

is true. Solving this inequality for n and taking into account that n nust be a positive integer yields n = 199999. Thus,
take n = 199999. //

Use the Renminder Estination Theoremto obtain an interval containing x = 0 in which f(x) = cos(x) can be
approxi mated to three deci mal place accuracy by

x? x4

= - £ 4+ £
p(X) 1 2! 4!
Since p(x) = ps(x), the 5th Maclaurin polynonial of f, the 6th derivative of f is -cos(x), and |cos(x)| <1 for all x, we may
use the Rermai nder Estimation Theoremto deduce that

6
X
|cos(x) - p(x) | = |cos(x) - p.(x) | < |6'|
for every real nunber x. Thus, to obtain the desired accuracy, it suffices to ensure that
| x|° 11073 ; ; ; ’ 1/6
o <10 which is equivalent to |x| < (0.36)%°.
This nmeans that an appropriate interval is | = (-(.36)Y¢ (.36)Y°). [/
6. (6 pt S. ) O assify each of the following series as absolutely convergent (AC), conditionally convergent (CC),

divergent (D), or none of the preceding, (N). Circle the letters corresponding to your choice. (No explicit proof is
needed. )

() Sl (AC) (cor (o ave

k=1 k?+1

(0 3R (A oo (D) oy

k50+1

IC ke @ (CO) = ave

(c) ar

Nk

k=1
7. (6 pts.) Here are three convergent infinite series that should be
very easy to sumup at this stage. Provide the value of each sum

- (-1)*(n/3)3%F _ T, _ 1

= 3 1\ k _ 3/2 _
() > (2)(=) S T am

(c) i (In(2))* _ eln(2) = 5
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8. (20 pts.) Here are five easy antiderivatives to eval uate.
(a)
fsec(SX) dx = %1n\tan(5x) + sec(5x) | + C
(b) 4 4 4 4 x-1
f dx=f7dx=f———dx=4ln‘—+(
x2-x x(x-1) x-1 X X
(c) sin’ (x) _ [ sin(x) (1-cos”(x))
fi dx f dx
cos (x) cos (x)
= [ tan(x) dx - [ sin(x)cos (x) dx
= 1ln|sec(x) | - %Sinz(x) + C
(d) 2x-1 2X 1 >
, dx=f - dx—f - dx = In(x?+1) - tan t(x) + C
xX2+1 X2 +1 xX2+1
(e) r . .
fx‘cos(x) dx = x“sin(x) —f2xs1n(x) dx
= x?sin(x) —{(ZX)'(—COS(X)) —fz(—cos(x)) dx
= x“gin(x) + 2xcos(x) - 2sin(x) + C
9. (10 pts.) Find the area under the curve
y =4/ 25 -x?
fromx = -5tox =2. (a) First wite the definite integral whose

nunmerical value is the area. (b) Then evaluate the definite integral.
[WARNING This is not 1/2 or 1/4 of a disk.]

f; V25 -x° dx = Sfi 1/1—(?)2 dx

= sin(0), dx = 5cos(0)do,

Area

Lﬂ|><

= ZSIB cos?(0) d9, where
« o« = sint(-1), B =sint(2/5)

_ 25 (¢
5 fa 1 + cos(20) A0

p

= 2—95 (0 + sin(0)cos () )
- 2_95 (P + sin(P)cos(P) - « - sin(a)cos (a) )
25

+ /21

= —’Sinfl(g) + T
2 5 2
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10. (10 pts.) (a) (2 pts.) Using literal constants A, B, C etc., wite
the formof the partial fraction deconposition for the proper fraction
below. Do not attenpt to obtain the actual nunerical values of the
constants A, B, C etc.

Ax“—5 A . N

_ _C+ D + Ex+F + Gx+H
x?(x-2) (25x2+1)°2 X X X2 25x2%+1 (25x2%+1)72

(b) (3 pts.) otain the nunerical values of the literal constants A B,
and Cin the partial fraction deconposition given bel ow

B
X

2y
x(x?+4) X x?+4

(*) 2x°+3x-8 _ A Bx+C

A, B, and C satisfy (*) for each x different fromzero if, and only if

(A+B) x? + Cx + 4A = 2x? + 3x - 8
for every real nunber x. Equating coefficients and solving the resulting
linear systemresults in A=-2, B=4, and C = 3.//

(c) (5 pts.) If one were to integrate the rational function in part (a),
one probably would encounter the integral below. Find this integral.

f% = l f u~? du when u = 25x%+1
25x2+71
= —iu’l + C = S (25x2+1) t + C
50 50

11. (10 pts.) Suppose
k+1

r(x)
2; _klOk

(a) By using sigma notation and termby-termdifferentiation as done in
class, obtain a power series for f'(x).

_ 5)[(

K+l

2; klOk

: i U d (x -k Ly D sy
k=1 klOK dx =1 10]’

(b) By using sigma notation and integrating termby-termas done in class,
obtain an infinite series whose sum has the sane nunerical value as that of

()

bja

d | (c1)*"(x - 5)k
£ dx| k10k

the following definite integral. [W are working with the power series f
above. ]
> k+1 i ® B Kl .
[ £ ax = [ X‘5>]dx=zf7L<x—5>de
0 = kLOk = Js  k10"®
- - kel k+1 k+1
- Z Lf7 (x - 5)% dx —2
B k10T s &= k(k+1)10*
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12, (6 pts.) Sketch the curve r = 2cos(20) in polar coordinates.
Do this as follows: (a) Carefully sketch the auxiliary curve, a rectangular graph, on the r, 6-coordinate system provided. (b)
Then translate this graph to the polar one.

(a) r*

4

(b) [Think of polar coordinates |ying over the x,y axes bel ow. ]

(c) Wite down, but do not attenpt to evaluate a definite integral that
provi des the nunerical value of the area of one-half of one of the rose
petal s above.

Area =fﬂ/4 (2 cos(20))° 40
0 2

13. (4 pts.) Evaluate the follow ng integral

oo b [ b
_ . _ . _ b _
f 2xe* dx = lim [ 2xe* dx = 11m((—2xeX>|0—f (-2) e dx
0 b-w=wJO b - = 0
. 2 2b
= lim |2 - = - = = 2
b~ el eb

Silly 10 point bonus: You may do exactly one of the follow ng:
(a) State the Mean-Val ue Theoremfor Integrals and use it to prove the second part of the Fundanmental Theorem of
Cal cul us, or
(b) Identify the function f given by the power series in Problem 11 above.

State whi ch bonus you are attenpting and where your work is.



