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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and arguments.

Wite using conplete sentences. Be careful. Since the answer really consists of all the magic transformations, do not
"box" your final results. Communicate. Eschew obfuscation. Show ne all the nagic on the page.
1. (25 pts.) The region Rin the first quadrant encl osed by the

curves defined by y =sin x, y =0, and x = W2 is sketched bel ow for your
conveni ence.

(a) Wite down, but do not attenpt to
evaluate the definite integral whose
numeri cal val ue gives the area of the
region Rif one integrates with respect to
X so the differential in the integral is
dx.
} [ n/2 ,
r Area :f sin(x) dx
11’ X 0
(b) Wite down, but do not attenpt to
eval uate the definite integral whose
nuneri cal value gives the area of the
X=ﬂ; region Rif one integrates with respect to
l B A y so the differential in the integral is
dy.

1
Area = f

T~ sin(y) dy
o 2

(c) Using the method of cylindrical shells, wite a single definite

i ntegral dy whose nunerical value is the volunme of the solid obtained when
the region R above is revol ved around the x-axis. Do not evaluate the

i ntegral .

.1 . \
Volume =f zny(g - sint(y) | dy
0

(d) Using the nmethod of disks or washers, wite down a definite integral
dx to conmpute the sane volunme as in part (c). Do not evaluate the
integrals.

/2 ..
Volume =f T sin(x) dx
0

(e) Wite down, but do not attenpt to evaluate, the definite integral that

gives the arc-length of the curve y =1In(x) fromx =1 to x = e,
Length :tfe. 1+ i)2 dx
1 X
or

Length = fl V1 + e? dy
0
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2. (15 pts.) (a) (5 pts.) Using literal constants A, B, C, etc., wite
the formof the partial fraction deconposition for the proper fraction
below. Do not attenpt to obtain the actual nunerical values of the
constants A, B, C, etc. Be very careful here.

4x%+5 A B C D L Fx+G | Hx+T

= =+ + +

x(3x-5)°(9x°+1)° X 3x=5 (3x-5)°¢ (3x-5)7 9x“+1 (9x°+1)"

(b) (5 pts.) If one were to integrate the rational function in part (a),
one m ght encounter the integral below. Evaluate the integral bel ow

f ﬁ dx = .. = —% (3x-5)2 + C using u =3x-5 in a u-substitution.
3x-5

(c) (5 pts.) |If one were to integrate the rational function in part (a),
one mght also encounter the integral below. Evaluate the integral bel ow

X dx=. = —i(9x2+1)’1 + C using the u-subst. u = 9x?+1.
(9x2+71)7 18

ntegrals. G ve exact values for definite integrals.

3. (60 pts.) Eval uate each of the follow ng antiderivatives or definite
[
[6 pts./part]

(a) f " 6x cos (x?) dx = fn/z 3cos(u) du = 3sin(n/3) - 3sin(0) = 2¥3
0 0 >

using u = x2

(b)

jw6xsin(2x) dx (6X)(;£E§i§§l) —j’(6)(j29§i§§l)

2 2

= -3xcos (2x) +-%sin(2x)4-c

ay

using integration by parts with u = 6x and dv = cos(2x) dx.

Lot s ¢
2

(c) f‘l6xze“(dx==4xze4x—-2xe4X+
by applying integration by parts tw ce using dv = exp(4x)dx each tine.

1

(d) ]: tan™(x) dx = (xtan™(x) )

7[1 X dx=.=2_1n(/2)
0 4

0 x%+1

by integrating by parts using u = arctan(x) and dv = dx.

2
e 2 dt=. =1n|J1+4t? +2¢t| +cC
(e) '{ JI + 4¢c?

using the trigononetric substitution 2t = tan(9).

() [ g s T
JT - xZ 2 2

using the trigononetric substitution x = sin(0).



TEST2/ MAC2312 Page 3 of 4

tegrals. G ve exact values for definite integrals.

3. (Continued) Evaluate each of the follow ng antiderivatives or definite
in

[6 pts./part]

g

x%-5x7 5x + 1

. dX=fX2—5X—1+ , dx
X2 +1 x? + 1
- 1xt - 2% - x o+ Eln\xz + 1] + tan*(x) + C
3 2 2
after doing an elenentary |ong division of polynom als.

(h)

j‘4cos(4t>cos(2t> dt==f’4(cos<4t+2t> ; cos(4t-2t) | 44

f°2cos<6t)+—2cos<2w dt

%sin(6t) +sin(2t) + C

usi ng sonme obvious trigononetry. This may al so be handl ed by using
integration by parts, but that route is nuch nessier.

+ C

- 50 _ 5 5 _ 6-5
(i) f T de ‘f—e—5 gt 98 =51n|g=2

after doing an obvious partial fraction deconposition.

(j) f sec’ (x) dx = %(tan(x) sec(x) + In| tan(x) +sec(x) |) + C
si nce

fsec3(x) dx = f sec (x)sec? (x) dx

= sec(x) tan(x) - f [sec (x) tan(x) Jtan(x) dx
- sec(x)tan(x) - f sec (x)[sec? (x) - 1] dx
= sec (x) tan(x) - f sec? (x) dx + f sec(x) dx

by using integration by parts and a friendly trigononmetry identity.
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Silly 10 Poi nt Bonus: (a) Prove that

(*) %21—Zt
for every t € [1,3]. (b) Using (a) to conpare a couple of integrals,
prove In(3) > 1. (c) Using part (b) and the Internedi at e-Val ue Theor em
for Continuous Functions, prove that there is a unique nunber X, in the
open interval (2,3) where In(x) = 1. I

(a) By doing elenentary algebra, the truth of inequality (*) above on
the interval [1,3] may be seen to be equivalent to that of the follow ng
i nequal ity:
1 (1 _ t) e -2)2

r 4 4t

for t € [1,3]. The inequality is actually true when t > 0, and fal se when
t < 0.

(b) Fromthe order preservation properties of definite integrals, the
truth of inequality (*) on the closed interval [1,3] inplies that

1n(3) =f: _1t dtzf; 1 Zt dt
, 3
=(t— itZ)
8 1
9 1
=(3-2)-(1-=) = 1.
( 8> ( 8)

To see that the inequality is actually sharp, it suffices to nunble that
the two functions

-1 -1 - ¢t
f(t) = - and g(t) 1 2
are continuous on [1,3], with f(t) > g(t) except at x = 2. Thus the two
i ntegrals above are not equal.
(c) Recall that

t
for x > 0 and thus is continuous and strictly increasing on the cl osed
interval [2,3]. From(b) above, 1 <In(3). Since 1/t <1 on the interval
[1,2], except at t =1, it follows that In(2) < 1 froman argunent
anal ogous to that in (b) above. Fromthe |Internedi ate-Val ue Theorem for
Conti nuous Functions, it follows that there is at |east one point X, in the
open interval (2,3) where In(x) = 1. Since In(x) is strictly increasing,
it is one-to-one. Thus, there is only one such point.//

Key Questions: Wiat was the point of this exercise, and where did the
function g above ori gi nat e????

Loose End: Prove that if f is continuous on [a,b] with f(x) = 0 for every
Xx € [a,b], and there is sone x, € [a,b] where f is positive, then

b
f F(x) dx> 0.

[ Proof of the "munble” may be reduced to dealing with this easily!!]



