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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite
usi ng conpl ete sentences. Renenber this: "=" denotes "equal s" ,
"O" denotes "inplies" , and "<" denotes "is equivalent to".
Since the answer really consists of all the magical
transformations, do not "box" your final results. Conmmuni cate.
Show ne all the magic on the page, for | do not read m nds.

1. (10 pts.) (a) Wite the value of the followwng limt as a
definite integral.

L=1I1im

n -

— ! LS
L = .h cos(.zx) dx

(b) By evaluating the integral you obtained in part (a) above
usi ng the Fundanental Theorem of Cal culus, give the exact
nunerical value of the limt, L

- . T _ 2 Ty (1 _ 2
L = JO cos(.zx) dx 7ﬁ5|n(.2x)\o =

2. (10 pts.) Eval uate each of the follow ng suns in closed
form

199

o B e g wem

(b) i2531(4i--1) =zﬁ§ii _iﬁfll - 4(2002(201) 200

(200) (401) = 80200.



TEST1/ MAC2312 Page 2 of 5

3. (10 pts.) (a) State the Fundanental Theorem of Cal cul us.

Suppose that f is continuous on the closed interval [a,b].
Part 1: If the function g is defined on [a,b] by

9(x) = [ f(1) dt,
then g is an antiderivative of f. That is, g'(x) = f(x) for each

x in [a,b]. [This, really, is the punch line!!]
Part 2: If Gis any antiderivative of f on [a,b], then

J:f(x) dx = Eb) - Ja).

(b) Wite the solution to the followng initial value problemin
terms of a definite integral with respect to the variable t, but
don't attenpt to evaluate the definite integral

y'(x) = eta™  y(m3) = 8.

y(x) = 8 - J etan(t) dt
3

4. (10 pts.) Reveal all the details of evaluating the given
i ntegral by conputing

lim f(x )AX

nﬁoo;( )
where the sumis assuned to have originated froma regular
partition of the given interval of integration. Here, you are to
actually conpute the Riemann sumin closed formand then eval uate
the limt. Suppose that b > 0 below. Then

JO x? dx —Ilme(x)Ax IimZ(bn') b

n-o (T noow < n
= I|H1BE;D i 2
naooD’] =1

3
- 1im é@%@n(mlmnm
limPl1-1y 2
= + +
im 5 (1-2) (24 2)
_ b?
=
since AXx = b/n and x; = bi/n for i =0, 1, ... , n are the end

points of the intervals of the general regular partition.
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5. (15 pts.) (a) Sketch very carefully the bounded region
bounded by the curves y =1 - x, y =Inx and x = e on the
coordi nate system provi ded. Label very carefully. (b) Wite
down a single integral, dx, that provides the nunerical val ue of
the area of the region. (c) Wite a sumof definite integrals,
dy, that yields the area of the region. Do not attenpt to

eval uate the definite integrals.

(a)
A€
(b) Area = Leln(x) ~ (1 - x) dx
(c) Area = L? e -(1-y) dy +J; e - eYdy

6. (5 pts.) Suppose that g is defined on the interval [ 41 by
nmeans of the equation

g(x) = L w dt .

Determ ne the open intervals in (1 4m) where g i s increasing or
decr easi ng.

It follows fromthe Fundamental Theorem of Cal cul us that
g'(x) = cos(x)/x for x in (m4m. Thus, the sign of g'(x) is
determ ned by the sign of cos(x) on (m4m. Thus, g'(x) > 0 when
32 < x <512 or 712 < x < 41w and g'(x) < 0 when 11 < x < 3102
or 512 < x < 7mw2. It follows that g is increasing on the set
(312,51 2)0(71W 2,4m) and g is decreasing on the set
(m, 3/2m0O(51 2, 710 2) .
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7. (10 pts.) Differentiate the follow ng functions:
[ Make sure you | abel your derivatives correctly.]

(a) g(x) = J: sec3(t) dt + tan(x), for x O(-12, 1 2).

g’(x) = sec3(x) +sec?(x), for x4d(-1w2,12).

(b)  f(x) =j'”‘x) L _dt, for x>0
0 1+t 2
1 1
frx) = 1 .1 g > 0.
(x) A2 X or X

8. (10 pts.) (a) Using only the second conparison property of
integrals, give both a | ower bound and an upper bound on the true
nuneri cal value of the integral bel ow

| }t_dt.

1
What does this tell you about In(2)?

Let f(t) =ttt Then f'(x) =-t2<0whent isin the
interval (1,2). So f is decreasing on [1,2]. Thus,
1/2 = 1(2) <f(t) <f(1) =1 wien 1l <t <£2. Fromthe 2nd
conparison property of integrals, it follows that we have
1/2 = (1/2)(1) <1 < (1)(1) = 1. Since the numerical val ue of
the integral is In(2), we see easily that 1/2 <In(2) <1

(b) Using appropriate properties of the definite integral and
suitable area fornulas from geonetry, evaluate the foll ow ng
definite integral. [Roughly sketching a couple of sinple graphs
m ght help. First use linearity, though.]

JZX + (4-x?)Yadx = JO

X dx-+JZ(4—x2)“2dx = -2 +.%TK2)2= - 2

since the nunerical value of the first integral is sinply the
negative of the area of a right triangle with two |legs of |ength
2 and the nunerical value of the second integral is one-fourth
the area of a circle with radius 2.
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9. (10 pts.) (a) Find the average value of f(x) = sec?(x) over
the interval [1W4,173].

fAVE = (Tfls)%(ﬂ'/zl) J:j SeCZ(X) dX = 1_Tf(tan(X)) ‘%i

1_n2(tan(rr/3)—tan(rr/4)) - 1_n2[¢§ - 1].

(b) What nust the constants a and b be for the foll ow ng
equation to be valid when we use the substitution u = tan(x)??

a

J14tan2(x)secz(x)dx = Jbuzdu.
-1 3

a = tan(-1/3) = -(3)Y? b = tan(mw4) = 1

10. (10 pts.) Consider the definite integral below. (a) Wite
down the sum S,, used to approxi mate the value of the integral
below if Sinpson’s Rule is used with n = 4,

4

Since Ax = 1/2, the endpoints of the regular partition we are
using are x, = 8/ 2, x;, =9/2, x, = 10/2, x; = 11/2, and x, = 12/ 2.
1

(a) 84 - 7,(41/2 + 4(9/2)1/2 + 2(5)1/2 + 4(11/2)1/2 + 61/2)
6

(b) The nmagnitude of error in using Sinpson’s Rule to
approximate the definite integral of f(x) on an interval [a,b]
with n subintervals may be estimted using

‘ES ‘ < M(b—a)5
"7 7 180n*

provi ded the fourth derivative of f, f®*(x), is continuous on
[a,b], and [f®(x)]| < M for each x in [a,Db].

Use this information to determ ne how big n nust be to
ensure that you will obtain an approximation to the true val ue of
the integral above that is accurate to 6 deci mal places when
using Sinpson’s Rule.// Since [f®(x)| = (15/16)x "% is
decreasing on [4,6], [f®(x)| < 15/2* on [4,6]. Consequently,
after a little al gebra,

1
EBS, < 3-28-n?%
Si nce
1 1,4 0108 O°
- < 210°% - <n,
3-28-n? 7 .27E

and 27 = 128, n = 10 will clearly provide the desired accuracy.
[Using a silly calculator, the best you can do is n = 8!!]

Silly 10 Poi nt Bonus: Provide a conplete proof of the first
part of the Fundanental Theorem of Cal culus as given by Edwards
and Penney. Say where your work is, for it won't fit here.



