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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Use
conpl ete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". The
answer really consists of all the magic transformations. Do not
"box" your final results. Show nme all the magi c on the page.

1. (5 pts.) Suppose a spring has a natural length of 1 foot
and a force of 15 pounds is required to conpress the spring to a
l ength of 9 inches. How nmuch work is done in stretching this
spring froma its natural length to a length of 18 inches?
Since (1/4)k = 15 inplies that k = 60 (lbs./ft.),
_ [Y?2 _ 2 vz _ 30 ~
W L 60xdx = (30x?) [§% = Z2 (ft. -Ibs.).
Note: A nonstandard sol ution may be obtai ned by getting the

spring constant in pounds per inch. |In this case k = 5. The
corresponding integral for work is given by

W= J065xdx - (§X2> 6= 90 (inch. -Ibs.).

This is not recomended.

2. (10 pts.)
(a) Sketch the graph of f(x) = tan!(x) on the coordinate system
provi ded. Label carefully.

A\ 4

(b) Provide the value of the [imt that foll ows.

limseci(x) = L.
lim (x) =
Not e: | f you had done as the instructor instructed and

graphed all the inverse trigononmetric functions for yourself,
then this was a snooze. Qherwise it was hopel ess.

3. (5 pts.) Evaluate the followng, quite proper, definite
i ntegral :

12 1 — cin-1 12 _ «in-1 el n-1f _ It
meﬁdx sin(x) |4, = sin(1/2) -sin¥(-1/2) = 7.
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3. (10 pts.) (a) Using literal constants A, B, C etc., wite
the formof the partial fraction deconposition for the proper
fraction below. Do not attenpt to obtain the actual nunerical
val ues of the constants A, B, C, etc.

xZ(x-1) (4x2+1) X X x-1T  4x%+1’

x2-9 _A_ B _ C _ D-E
2

(b) Now obtain the indefinite integral of the rational function
of part (a) in terns of the constants A, B, C, etc. using the
partial fraction deconposition. Do not attenpt to obtain the
nuneri cal values of the constants.

X2+9 )
dx = Aln|x|-Bx1+Cln|x-1
J.xz(x—l)(4x2+1) x| Clnix-1]
tgln\4x2+l\#§tan4(2x)+K

4. ( 10 pts.) (a) Sketch the region in the 1st quadrant encl osed
by the curves defined by y =tan x, y =0, and x = 1w 4. Suppose
the region is revolved around the line defined by x = m (b)
Using the nethod of cylindrical shells, wite dowm the definite
integral used to compute the volume of the solid of revolution
formed. Don't evaluate the integral. (c) Using the nethod of
slicing [di sks/washers here], wite down the definite integral

used to conmpute the same volune as in part (b). Don't evaluate
the integral.
y
(a) 4 (b)
' Cov=on Mt d
y=tmx-- { = TIJO (T-x) tan( x) dx
~\’§ ‘S
2\
1 \3\\\1\“ >
-, 19 <9
Y ¥ V= m(m - tani(y))? - (n - (W4))? dy
1 B 9T[2
_ =1 (m-tani(y))? - dy
-4 X:'Tpgf [o 16
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5. ( 10 pts.) Differentiate each of the follow ng functions.

(a) f(x) = cos(x) () = - ey
(b) f(x) = sec*(x) fr(x) = X(Xlz_l)l,z
(c) f(x) = 2~ fr(x) = In(2) -2
(d) f(x) = cot-(x) 0 = -

(e) f(X) = 10gyX) P = 5 n1 T

6. (10 pts.) (a) Gve the definition of the function In(x) in
terms of a definite integral and give its domain and range.
Label correctly. (Hnt: Conplete the sentence,"In(x) = ... .")

I n(x) = [X%:dt for x J(0,0). The range of the natural
1
logarithmis all of R = (-0, ).

(b) Carefully sketch both f(x) = In(x) and g(x) = e* on the
coordi nate system bel ow. Label very carefully.
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7. (20 pts.) Here are five trivial trigononmetric integrals to
evaluate. [4 pts./part]

(a) Jsinz(x)dx 2.[1 - cos(2x)dX _ X _ sin(2x) . C

7 2 4
(b)  [sec(4x)dx = Jin|sec(4x) - tan(4x) | - C
(c) cos?(t) q¢ = [ —sin®(t) 4 - csc(t) - sin(t)dt
J7§Tﬁ(TT' J sin(t) J
= -Infcsc(t) +cot(t)| +cos(t) +C
(d) _ [ sin(7x) + sin(x)

Jsin(4x)cos(3x)dx

2
_ _cos(7x) _ cos(x) . C
14 2 '

(e) }tan%t)sec%t)dt =.£§q;ll_+ C.

Silly 10 Poi nt Bonus:

If x >0, howare tan'}(x) and tan*(1/x) related? Proof??
Let f(x) =arctan(x) and g(x) =arctan(1/x) for x > 0. Then

1
/ =
f/(x) T
and
(x) = O 1 D_l}
R
O X/ 0O
_ -1
1 + x?
for x > 0. Consequently, for x >0, f/(x) +g/(x) =0. It

follows that there is some constant C such that f(x) +g(x) =C

for each x > 0. Since f(1) +g(l) =2arctan(l) =.§, C=12

Hence, tan'’(1/x) = w2 - tan’(x) for each x > 0.//
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8. (20 pts.) Evaluate each of the follow ng antiderivatives
[5 pts./part]
(a)

Jt ant( x) dx

xtan?i(x) - szxldx
+
1

2

by integrating by parts using u = tan’(x) and dv = 1-dx and then
doing the little u-substitution that follows in one’s
bi oconput er.

xtan?(x) - zIn(x?+1) +C

(b)
J;dx = J;dx = 1J;dx
X2+2x+10 (x+1)2+9 9 1 . (X+1)
3
- %t anl(igi) - C
after doing the obvious u-substitution.
(c)

J(l - 9t 2) Vgt J(1 - (3t)y)vedt = Jcos(e) ~%cos(6)d6

1 2 _ 111+ cos(26)
Jcos(e)de ?J > de

3
- 1(9+ sin(Ze)) . C
[ — 2z
= —é—( sini(3t) +3t(1-9t3)v2) +C

after followng the 3t = sin(0) trigononetric substitution path.

(d)

6 2
X" dx = [x3 - x + X7 dx
X3 +X

Jx3—x+ X dx

=¥—f;+%ln(x2+l) + C
after a diversionary |ong division.

Silly 10 Poi nt Bonus:
If x >0, howare tan!(x) and tan!(1/x) rel ated? Proof??

Note: An answer may found at the bottom of Page 4 of 5.



