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READ ME FI RST: Show all essential work very neatly. Use correct
not ati on when presenting your conputations and argunents. Wite
usi ng conpl ete sentences. Renenber this: "=" denotes "equal s" ,
"O" denotes "inplies" , and "<" denotes "is equivalent to". Do
not "box" your final results. Communicate. Show ne all the

magi ¢ on the page.

1. (10 pts.) Find Taylor’s fornmula for the given function f at

= 1w2. Find both the Taylor polynom al, Ps;(x), and the
Lagrange formof the remainder term Ry(x), for the function
f(x) = cos(x) at a = 1w2. Then wite cos(x) in ternms of P;(x)
and Ry(x).

P,(X) = Zﬂ(k_{ﬂ x- Ty - —sin(rr/2)(x—g)+3i_n:(3_!M(x—g)3
= (x=g5) = 5(x=5)*

R(x) = 1002) (x-Tha - €05(2) (- Thys

for some z between x and L.

2
cos(x) =-(X<g)*'%(Xﬁg)3+-£$§él(xﬁg)4

for some z bet ween x and.g.

2. (10 pts.) Eval uate each of the following integrals. Look
before you leap, for propriety may be problematical.

(a)

00 . t
J e X dx = Ilnwj e 2 dx
I n(2) t ~w |In(2)

. 1,
l'm(_—z ) Hn(Z)

1.
-21n(2) _ 2t
i m( e € )

t -

1. 2in2 - 1
_2.6 .

(b)
JO“’ (10 - x) V2 dx

Im t 1
t - 10 Jo (10-x) V2
lim-2(10-x) Y24

t - 10

lim(2(10)¥2 - 2(10-t)¥?) = 2(10) v,
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3. (10 pts.) Find the radius of convergence and the interval of
convergence of the power series function

@ k k
fox) - 2 (CDK(x - 2)
(%) g; 5K(k+1)°2
First observe that the series is centered at x = 2. Then we

apply the ratio test for absolute convergence in order to
determ ne the radi us of convergence of the power series.

e ue i 1 k1 -1,
p( x) _Ltg]_TU[T = ... = LKT'S«ETZ)X 2| —_5\x 2.
Now, p(x) <1 if, and only if [x - 2] < 5. Thus, R=5is the
radi us of convergence. The endpoints are x, = -5 + 2 and

Xg = 2 + 5. Wen you substitute x,_ into the power series and

sinplify the al gebra, you obtain Ej?ﬂ'(ﬁgi77 whi ch conver ges.

When you substitute xz into the power series and sinplify the

: @ (-1)k .
al gebra, you obtain EJ“OT?_TT7 whi ch converges. [The
- +

convergence is actually absolute.] | =[-3, 7].

4. (10 pts.) Det er mi ne whet her the sequence {a,} converges, and
find its limt if it does.

(a) a, = n~tan(f2?

n

tan(f%?
lima, = lim4m
Nnoo " noo am
n
si n( AT
=Iim41T4 n4 = 4710
n-e AMlegg( 2T
n n

[ You could use L'Hopital’s rule but it is really not needed.]

v 4 (4 4 _ 4 4
(b) a, g;'ET?E ZQ(E R:I) T~ T

Thus,

Iiman=lim(4—n_A+'I)=4.
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5. (10 pts.) (a) Find a positive integer N such that the
N

partial sum E:(—l)”ﬂpég)
n=1

approxi mates the sum of the series

ni;(_l)ml(%)

to 5 deci mal places, and prove your N actually does what you
claim

Let S denote the sumof the series and S, denote the Nth
partial sum above. Then the error estimate fromthe alternating
series test inplies that |S- S, < 5/(N+1)3 Consequently, to
obtain 5 deci mal place accuracy, it suffices to find a positive
integer N so that 5/ (N+1)® < (1/2)10° Now this last inequality
is equivalent to 10° < (N+1)3 which in turn, is equivalent to
99 < N [Cube roots preserve order, Folks!] N = 99 does the
job.//

(b) Since the third and fourth Maclaurin polynom als for sin(x)
are the sane, it follows from T Taylor’s Theoremthat if x is a
real nunber different fromO0O, we nay wite

1,3 . €0s(C) s
6 120
where c is sone nunber between x and 0. Using this equation,

obtain an open interval that is centered at 0 where sin(x) my be
approximated to 5 deci mal place accuracy using the pol ynom al

P,(x) =x - (1/6)x3.

First, fromthe equation above, it follows that for each rea
nunber x different from zero that

sin(x) =x -

sin(x) - P(x) | = [sin(x) - (x - (1/6)x?) | = \ﬂ’fz(oc_)xw < sz‘c;

There is no error when X = 0. Thus, to obtain the desired
accuracy, then, it suffices to have

Now
[x|® li0s o (60) Y
50 <.210 x| < —10—
An interval that does the job is I = (-(60)Y%10", (60)Y%101).

Note: Even without a calculator it is very easy to see that the
i nterval above contains the interval J = (-0.2, 0.2). How??
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6. (5 pts.) W th proof, determine whether the given series is
condi tionally convergent, absolutely convergent, or divergent.

£ (-1)*

k-1 KIT4

Since the series of absolute values is given by

Ms

1
k-1 K73’

a divergent p-series, the original series is not absolutely
convergent. The series is alternating, however, and plainly

k14> (k+1) Y4 for each k = 1,
and

limk Y4 =0.

k - o
Thus, the alternating series test inplies that the original
series converges. Consequently, the original series is
conditionally convergent.

7. (5 pts.) Using only the integral test, deternine whether the series
bel ow converges. Explicitly define the function f(x) used, and verify all the
hypot heses of the theorem are true.

o]

2:__22_ Let f(x) = 2x/(x?> + 1) for x 2 1. Then f is a
n=1 nZz+1

positive, continuous function. Since f'(x) = (2 - 2x2)/(x%+1)?2,

f'(x) <0 for x >1. Thus, f is decreasing for x 2 1. Since

©  2X oy b 2x i , ) )
L X2+1dx lbI~TL X2+1dx Iblqg[l n(b?+1) -I'n(2)] ©

integral test inplies that the given series diverges.

10 Poi nt Bonus: Suppose that X%,a, and X7..b,
are two positive-termed series with
(*) lim(b,/a,) = 0.

Does the convergence of one of the series tell you anything about the convergence
of the other? Wth proof, explain howand why. [ Hint: Can you tolerate
epsilon ennui?? [// o

~ Epsilon ennui indeed!! Set € = 1. The definition of the
limt of a sequence when applied to (*) with this epsilon inplies
that there is a positive integer N such that if n = N, then

b/a, = |b/a,| < 1. Consequently b, < a, when n = N.

If the series )" a, converges, then the "tail series"

Y .a, converges. Conparison test nowinplies that )" b, , a

n=N N

"tail series" of “ . b, , converges. Consequently, Y~ b

n=1 N n=1 N

conver ges.
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8. (10 pts.) (a) Find the rational nunber represented by the
foll owi ng repeating deci mal .

0. 3636363636 . .. = 36/ 99 = 12/ 33 = 4/ 11.
This may be obtained by the "H gh School” nmethod or by summ ng

[

. .. . 36 B _ 36 [ 1 -
the infinite series = ... = = ....
& (109)F mﬁi_( 1 )D
a O
0] 100/ O

(b) Find all values of x for which the given geonetric series
converges, and then express the closed formsumof the series as
a function of x.

[«

(x - 2)k1 _ y (x i 2),(x - Z)k _10(x - 2)

NE

k=0 10 - 10 [2 - X
provided |(x - 2)/10] <1 or |x - 2| < 10. As an interval what
you have in hand is | = (-8, 12).

9. (10 pts.) Usi ng either conparison test or limt conparison
test, determ ne whether each of the follow ng series converges.

00

(a) Z 3n?+5

i1 4n +n?3
Si nce

1 .3n%+5 _ 4n+n® _ 32,5 . 4:+n2<3n2-5
n 4n +n3 n

for n > 1, and }:_% , the harnonic series, is divergent,
n=1
conparison test inplies that the series of (a) diverges.

o]

(b) Z; 24 -si n?(n)

nZz+n
Si nce
24sin?(n) _ 24
nZ+n ~ n?
for n 21, and }:_%i is a positive nultiple of a convergent
n=1

p-series and thus convergent, conparison test inplies that the
series in (b) converges.

You may al so use the limt conparison test here to deal with
either or both of (a) and (b). For (b), though, the use of the
[imt conparison is nore subtle. To deal with the limt requires
t he use of the squeezing or pinching theoremfor sequences and

t he "end-point case" treated in the bonus problem
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10. (15 pts.) (a) Using known power series, obtain a power
series representation for the function f(x) = cos(x?. Wite
your answer using signma notation.

F0xX) = cos(x2) - l (-1)%(x?) 2 _ il (-1) kx4
(x) (x?) kz;_(TKY'_ kZ;
sinply by substituting x?> into the Maclaurin series for cosine.

(b) Beginning with the power series function

f(x) =k§;(71[)kxk

defined for x satisfying |x| < 4, differentiate termnise to find
the series representation for f'(x). Wite your answer using
si gna not ati on.

00

F0 = B3 ks - (3] X

k=1

by performng the usual termw se differentiation dance. Can you
give ne an alias for f' and tell me where it |ives??

(c) Find a power series representation for the function f(x)
bel ow by doing termM se integration. Wite your answer using
si gma not ati on.

f(x) =JOX1 _1t2 dt =JOXZ(t2)kdt
dt =y

k=0
X2k+l

S [yt wJXtdet=w .
11. (5 pts.) Using divergence test, show that the series

00 n3
21 271

di ver ges.
3
Since lim_" =lim_" _ =-w#0, divergence test inplies the
n - oo 2n2+1 n - oo 2+ I g rrp
h

series above diverges.

10 Point Bonus: Suppose that

}:1lan and }:llbn

are two positive-terned series with

Iin1E£:=O.

n-ow a,

Does the convergence of one of the series tell you anything about
t he convergence of the other? Wth proof, explain how and why.
Say where your work is, for it won't fit here. [ Hnt: Can you
tolerate epsilon ennui ?? | Look on Page 4 of 6.



