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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your

conmput ati ons and argunments. Wite using conplete sentences. Renmenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Since the answer consists of all the magic
transfornmations, do not "box" your final results. Communicate. Show ne all the nagic on the page, for | do
not read minds. Eschew obfuscation.

1. (5 pts.) Express the foll ow ng sum using signma notation,
but do not attenpt to find its nunerical val ue.

(2539 ~(3:37) +(4+39) ~(52-37) +(6°+3) ~(7°-3) = 3" (-1)¥(k?-3?)

2. (5 pts.) obtain the upper limt of summation and rewite
the summand in order to make the follow ng equation true. Do not
attenpt to evaluate the sum // Since j = k - 8,

55 47
10% = 1020 -9

3. (5 pts.) If the function f is continuous on [a,b], then the
net signed area A between y = f(x) and the interval [a,b] is
defi ned by

A=1imY f(xy)Dx.
n—o {27

Reveal all the details in obtaining the nunerical value of the
net signed area of f(x) = 2x over the interval [0,4] using the
definition above with

*

Xk

the right end point of each subinterval in the regular partition.

Set Ax = 4/n. W build a regular partition with points
given by x, = 0 + kAx for k =0, 1, 2, ..., n. Then
subinterval s created by the partition are given by [X,., X] for k
=1, 2, ..., n. Since

kz:f(x;mx - i}Z(kAx)AX =289 ézk E 2| ) = 16t

A=TimY f(x0)Dx =Iim16(1 v %) - 16.

n - o k=1 n - oo

4. (5 pts.) Express the followng Ilimt as a definite
integral. Do not attenpt to evaluate the integral.
L= lim Y 4x(1 -3x)Ax,; a=-3, b=4

max Ax, - 0 (=1

L - J“ 4x(1-3x) dx.
-3
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5. (10 pts.) Suppose that f(x) is an integrable function such
t hat

lef(x) dx = 4 and sz(x) dx = -2.

Use this information and appropriate formulas from geonetry to
eval uate the following definite integrals:

(a) :12 6f (x) dx = 6J12f(x) dx = (6)(-2) = -12.

(b) .‘124 - 2f(x) dx = j124 dx - 2J12f(x) dx = (4)(3) - (2)(4) = 4.
(¢c) :zzf(x) dx = JZf(x) dx + lef(x) dx = 4 + (-2) = 2.

(d) :22 F(x) + (4 - x?)V2 dx = Jzzf(x) dx + JZZ (4 - x?)V2dx =2 + 2m
(d) ::f(x) dx=—J12f(x) dx = 2.

6. (5 pts.) Usi ng a conpl ete sentence and appropriate
notation, state precisely the First Part of the Fundanental
Theorem of Calculus. [This is sonetinmes called the Eval uation
Theorem ]

If f(x) is continuous on [a,b] and g(x) is any
antiderivative of f on [a,b], then

[, fO0 dx = g(b) - g(a).

7. (5 pts.) Find the area under the curve
_ 1
SRSk

over the interval [-2,1].

_1 1 __11__1__1_3
Area = [ ol dx = b = (D (- < &
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8. (5 pts.) If the given integral is expressed as an
equivalent integral in ternms of the variable u using the
substitution u = x®* - 4 so that the equation below is true, what
are the nunerical values of the newlimts of integration a and
B, and what is the newintegrand, f(u) ??? Obtain these but do
not attenpt to evaluate the du integral

JZ T™X2(X3-4)5 dx = Jsf(u) du

-1 a

a« =(-1D-4 = -5

B =(2°-4 = 4

f(u) = (W 3)u® since 3x?dx = du inplies x2dx = (1/3)du.

9. (5 pts.) Usi ng conpl ete sentences and appropriate notation,

state the Second Part of the Fundanental Theorem of Cal cul us.
/1

Let f(x) be a function that is continuous on an interval |
and suppose that a in any point inl. |If the function g is
defined on | by the fornula

g(x) = [ f(1) dt,

for each x inl, then g'(x) = f(x) for each x in |

10. (10 pts.) Let the function g be defined by the equation

g(x) = J tani(t) dt

31/2

for x € (-0 ,0). Then

(a)  g(V3) = j

31/2

1

“tani(t) dt = o0.

(b) g/(\/§) =tan*1(\/§) = ?T;[ since g/(x) =tan(x).

/7 — 1 i // — 1
()  g"(V3) = 7 since g’(x) -
(d) Determ ne the open intervals where g is increasing or

decreasing. Be specific.

Fromthe details of the answer to (b) above, g is decreasing
on (-o,0) and increasing on (0,o). [Key Question: Were is
tan! positive or negative ?7?]

(d) Determ ne the open intervals where g is concave up or

concave down. Be specific.
Fromthe details of the answer to (c) above, g is concave up
on (-o,0), i.e., always.
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11. (5 pts.) Wite the solution to the followng initial value
problemin terns of a definite integral taken with respect to the
variable t, so the differential denoting the variable of
integration is dt. Do not attenpt to evaluate the definite

i ntegral you get.

dy _ 3 ' - =
dx sec3}(x) withy(-1m4) =2

y(x) =2+jxm

\ sec3(t) dt.

12. (10 pts.) A particle noves with a velocity of v(t) = cos(t)
along an s-axis. Find the displacenent and total distance
travel ed over the tinme interval [1W2, 27].

Di spl acenent = Jzn v(t) dt = Jzn cos(t) dt
2 T 2

=sin(2m -sin(mw2) = -1.

Total _Di stance = Jzn v(t) | dt = J:T cos(t) | dt
2

2
= Jsm cos(t) | dt - " cos(t) | dt
= Jm -cos(t) dt - Lm cos(t) dt
= = 3.

13. (5 pts.) (a) (3 pts.) Gve the definition of the function
In(x) interms of a definite integral and give its donmain and
range. Label correctly. (Hnt: Conplete the sentence,"ln(x) =

)
In(x) = LX tl dt

for x > 0. The domain of the natural log functionis (0,o), and
its range is the whole real line, (-0, ).

(b) (2 pts.) GvenlIn(a) =4 and In(c) =5, evaluate the
follow ng integral.

rdé dw=1n(a*) -In(c) =4In(a) -In(c) =(4)(4) -5 =11.

C
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14. (10 pts.) (a) Sketch the region enclosed by the curves
defined by y = x> and y = x + 2. (b) Then give a single definite
i ntegral dx whose nunerical value is the area of the region. (c)
Finally, evaluate the integral of part (b).

Qoviously, to obtain the
poi nts of intersection, it
IS best to solve the system
of equations

oy =X

[ and

i

Oy = X+2.
Doi ng so is elenentary
al gebra.

—~
(@]
N—r
1l
)
x
+
N
x
|
|><
-

15. (5 pts.) Express the function g(x) below in a piecew se
defined formthat does not involve an integral.

O x2 .
E o for x 20 ;
[t a0
9(x) = |, - 0
9-X2 ¢ <0
g - forx
since x = 0 inplies g(x)=JOX tdt=JOXtdt=...=X72,
and x < 0 inplies g(x) = th | dt = JX—¢ dt =... = -X.
0 0

16. (5 pts.) Eval uate the followng limt:

2x 6u
L=tlim({1+ 3" =1imf1+ L) - es using.l - 3,
X = X TS u u X
Sill Yy 10 Poi nt Bonus: (a) Prove that the function F(x) defined by the equation
X 1/ x
F(x) = 1 at -+ 1 gt
o 1+t? o 1+t?
is constant on the interval (0,0). (b) Using (a), prove that for x > 1 that

1 oGt <[P qt
1 1+t?2 o 1+t?2



