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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your

conmput ati ons and argunments. Wite using conplete sentences. Renmenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Since the answer consists of all the magic
transfornmations, do not "box" your final results. Communicate. Show ne all the nagic on the page, for | do
not read minds. Eschew obfuscation.

Sill Yy 10 Poi nt Bonus: (a) Prove that the function F(x) defined by the equation

F(X)=JOX ! dt+Jl/X 1

1+t2 0 1+t2

is constant on the interval (0,0). (b) Using (a), prove that for x > 1 that

Jx 1 dt<Jl 1 at
1 1+t?2 o 1+t?2

(a) Plainly the function F defined above is differentiable on
the whole real line, (-o o, and it follows fromthe Fundanenta
Theor em of Cal cul us t hat

- 1 n 1 -1
F'(x) =
W e il
O \X/ [
-1 -1
1+x? x%+1

= 0.

Theorem 5. 1. 2, a consequence of the Mean-Val ue Theorem inplies
that F is constant on (-o, ).

(b) It turns out that to obtain Part (b), it is useful to revea
the identity of the constant. After |ooking at the structure of
F, plainly

F(1) = Jl 1 gt -« j”l 1 gt - zjl 1 at.
0 0

1+t2 0 1+t°2 1+t°2
What this nmeans is that
X 1 1/ x 1 _ 1 1
(1) L 1+t2dt+—L o dt ZL o dt

is true for each x > 0.
To obtain the inequality of Part (b), observe that (1) above
is equivalent to

Pl o o [ g [ gt =2t Lt
o 1+t1? 1 1+t?2 0 1+t2 o 1+t?2

which, in turn, is equivalent to

X 1 1/ x 1 _ 1 1
(2) L 1+t2dt+—L 1+t2dt k 1+t2dL
VWhen x > 1,

X < 1/ x 1 < 1
(3) T 5 Tz <%

since g(x) = (1 + x?» ! is decreasing for x > 0. Consequently,
since the left side of (3) is positive, (b) foll ows.
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Lagni appe:

The set of equations (1) and (2) when conbined with the
string of inequalities (3) above allows us to see easily that

lim([ 1 dt - 1 gt
x .o Jo 1+t?2 o 1+t?

and

lim[* L dt =J1Ldt.
X o |1 1+t2 0 1+t2

The nice thing about this is that the string of inequalities in

(3) above provides us with an nice estimate of the rate at which

this convergence occurs. O course you do realize that this

tells us something about the graph of a certain trigononetric

function that we won’'t nention by nane.

Here now is small problemto puzzle over: Can you prove the

following integrals have the same nunerical val ue wthout
i nvoki ng the despised trigononetric varm nts??

A=r 1 qt
o 1+t?

and

B=Jl(1 ~t2 vz g ?
0



