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READ ME FI RST: Show all essential work very neatly. Use correct notation
when presenting your conputations and argunents. Wite using conplete
sentences. Be careful. Remenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Si nce the answer
really consists of all the magic transformations, do not "box" your final
results. Communi cate. Show ne all the magic on the page.

1. (10 pts.) (a) Sketch the region in the first quadrant encl osed by the
curves y = cos’}(x), x =0, andy = 0. (b) Using the nethod of disks or
washers, wite a single definite integral whose nunerical value is the

vol une of the solid obtained when the region is revolved around the x-axis.
Do not evaluate the integral. (c) Using the nethod of cylindrical shells,
wite down a definite integral to conpute the sane volune as in part (b).
Do not evaluate the integral.

(a) A (b) For -1 <sx<landO<y<Tm
y =cosi(x) < x =cos(y).
V==[:n(cosl(x))2dx
. (c)
-3
- V==}:22nycos(y)dy

(10 pts.) (a) Wite down, but do not attenpt to evaluate the definite
ntegral that gives the arc Iength along the curve defined by the equation
= (1/2)x?2 fromx = -(3)Y2 to x = (3)¥2,

2.
|

L - r (1 + x2)Y2 dx

31/2

(b) Suppose a spring has a natural length of 1 foot, and a force of 10
pounds is needed to conpress the spring to a length of 8 inches. Wite
down the definite integral that gives the work done in stretching this
spring fromits natural length to a total Iength of 15 i nches but do not
attenpt to evaluate the integral

Wrk = L?4 30x dx since (1/3)k = 10 inplies k = 30 using the standard

Hooke’ s nodel
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3. ( 10 pts.) Consider the definite integral below (a) Wite down the
sum S,, used to approximate the value of the integral belowif Sinpson’'s
Rule is used wwith n = 4. Do not attenpt to evaluate the sum Be very
careful. (b) Wite down the sum T, used to approxi mate the value of the
integral below if Trapezoid Rule is used with n = 4. Do not attenpt to
eval uate the sum Be very careful

21 Xl/4 dX
20

i -1 - k _ 80 +k
Plainly, Ax T and x, = 20 YT g

are the points of the regular partition we need.

for k =0,1, 2, 3,4

(a) 1
S, gAx(yo+4y1+2yz+4y3+y4)

(80) 4. q( By 14 2( B2) vag(83) 104, (84)ss )

Y

(b) 1
T, = 7Ax(yo+2y1+2yz+2y3+y4)

= _é_( (?) 1/4_._2(%) 1/4_._2(%) 1/4_._2(?) 1/4_._(%) 174 )

4. (10 pts.) (a) Using literal constants A, B, C, etc., wite the form of
the partial fraction deconposition for the proper fraction below. Do not
attenpt to obtain the actual numerical values of the constants A B, C
etc.

2x2+4 _ A, B _Cx+D, Ex+F ., Gx+H

x(x+1) (xZ+1)3 x X+I 'x2+1 (x2+1)Z (x2-1)3

(b) If one were to integrate the rational function in part (a), one
probably woul d encounter the integral below. Reveal, in detail, howto
eval uate this integral.

N T

by using the obvious substitution u =x? + 1. |If you are feeling feisty,
you can also handle this with a trigononetric substitution

J___li___dx = 1J u3du = u?+C-=

1
(x2-1)° 7 Z
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5. (10 pts.) (a) In making the substitution u = tan(x/2), show all the
details in obtaining sin(x) and cos(x) in terns of u by correctly
conpleting the equations below. [Hint: It helps to draw a right triangle
to represent the equation u = tan(x/2).] (b) Show how to obtain the
differential dx in ternms of du by solving for x in the equation u =
tan(x/2) and differentiating. (c) Using a sentence or two, explain what
this substitution does to integrals of rational functions of sine and
cosi ne.

(a) (4 pts.)
sin(x/2) = u/(u? + 1)Y2 w
cos(x/2) = 1/(u? + 1)V2
si n(x) = sin(2(x/2)) = 2u/(u®* + 1)
cos(x) = cos(2(x/2)) = (1- u*)/(u*+ 1)
(b) (4 pts.)

u=tan(x/2) inplies x = 2tan(u).
So dx = (2/(u? + 1))du.

(c) (2 pt.) This substitution transforns integrals of rational functions
of sine and cosine into integrals of rational functions of u.

6. (10 pts.) Here are five trivial trigononmetric integrals to eval uate.
[2 pts./part]

(a) Jtan(x)dx In|sec(x) | +C

(b) Jsec(x)dx In|sec(x) +tan(x)| +C

(c) Jsinz(x)dx - } 1- C%§(2x) dx :_g _sin(2x) | ¢

(d) Jcsc(x)dx -I'nlcsc(x) +cot(x)| «C

(e) Jcot(x)dx -Inlcsc(x) | « C
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tegrals. G ve exact values for definite integrals.

7. (40 pts.) Eval uate each of the follow ng antiderivatives or definite
in

[5 pts./part]

a

JO““)“ (8x)sin(x?) dx = L’“ 4sin(u) du

= -4cos(u) |¢*

= -4cos(T 4) + 4cos(0) =4 - 22
usi ng the u-substitution u = x2

(b) -1 2 -1 X2
J2xtan (x)dx = x?tan?(x) - J1+X2dx
. 1
- y2 1 _ _
X2t an1( x) Jl T dx

x?tan!(x) -x +tani(x) +C

using parts with u = tan}(x) and dv = 2x dx, followed by a | ong
di vi si on.

(c) .
sin?(t) _ (1 -cos?(t)
| Sostrrdt = | —costy &
=Jsec(t) - cos(t) dt
=Inj|sec(t) +tan(t)| -sin(t) +C
(d)

(8x) (-cos(x)) - [(8)(-cos(x)) dx
-8x cos(x) + 8sin(x) +C
using integration by parts with u = 8x and dv = si n(x) dx.

J (8x) si n(x) dx
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7. (Continued) Evaluate each of the follow ng antiderivatives or definite
integrals. G ve exact values for definite integrals.

(e)
szexdx = X2%e* - |2xexdx

x2ex - ( 2xex —JZede)
x2ex - 2xe* + 2e* + C

by integrating by parts twice. Keep picking on the exponenti al
varm nt as your recogni zed derivative.

(f) 1 dx = sec?( 0) de
| o= & | ety
- j sec(0) do
=In|sec(B) ~tan(B) | +C
=In|x + (x2+1)¥2| + C
using the trigonometric substitution x = tan(0).
(9)
Jl In(x2+1) dx = x| n(x2+1) |} - Jlx(g)dx
0 o \x2%+1
= — ! — 2
I n(2) Joz e OX
=1n(2) -2 - JZT
using integration by parts with u = 1In(x? + 1) and dv = 1dx foll owed
by | ong divi sion.
(h)
J(l - t2)v2 dt = [cos?(8)de
1+cos(26)de
s
_ 8, sin(26) -~
2 T4
B . sin(6)cos(6) . C
2 2

Z(sini(t) ~t(1-t9¥2) - C

usi ng the obvious trigononetric substitutiont = sin(8). O course

you could also try integration by parts, but htat route is alittle
t horni er.

Silly 10 Poi nt Bonus: The magnitude of error in using Sinpson’s Rule to
approximate the definite integral of f(x) on an interval [a,b] with n
subi nterval s may be estimated using

_ 5
| [bf(x)dx s | = |Es, | < f(ba)°
a 180n*
provi ded the fourth derivative of f, f(*(x), is continuous on [a,b], and
f(x)| < K, for each x in [a,b]. If Sinpson’s rule is used to

approximate the definite integral giving the exact value of In(2), reveal
how to determ ne how big nust n be to ensure you have 2 deci nmal place
accuracy. [Say where your work is for there isn't roomhere. Renenber n
nmust be even.]



