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READ ME FI RST: Show all essential work very neatly. Use correct notation
when presenting your conputations and argunents. Wite using conplete
sentences. Renenber this: "=" denotes "equals" , "[O" denotes "inplies" ,
and "<" denotes "is equivalent to". Since the answer really consists of
all the magic transformations, do not "box" your final results.

Communi cate. Show ne all the magic on the page. Eschew obfuscation.

1. (20 pts.) Ootain the exact nunerical value of each of the following if

possible. If alimt doesn't exist or an inproper integral or an infinite
series fails to converge, say so.

i (P 10010 4o Oy
dx I|n1L 5o 9x = 1im10in(L) |3

Jz X(x+I) b - e
im[10|n(b;3l) - 101 n(2) } = 101 n(2).

|
b - o

(b) 0 n
10 i 10 = 10 | _ . 10 _ 10 | _
I R Y S e g R S
(c) 2 ]
1 i b1 i 2-b -]
|, 2= dx=lim |y dx = lim |7 o du
= IimJl L qu - lim[ In(1l) -1In(2-b) ] =
b-2 J2-b U b - 2
by using the substitution u = 2 - x.
(D = 3\K 10 40
10( - =
kZ(:) (1) 1_(_3) 7
Z
(e)

Iim(l - 1n(3) ) - el = 3,
n

n - o

To see this, go show t hat

X
Iim(l . f_j) — limexin(loaxy - gA

X — X —

by using the continuity of the exponential function and show ng

limxIn(1-Ax1) =|im!N(1-Ax")

X — 00 X — 0 X71

= A
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2. (20 pts.) Wth proof, determ ne whether each of the followng infinite

series converge. |If a series converges, do not attenpt to obtain its sum
- 10 ,

a - Si nce

(2) kZ; 2 + 3k?

10 10 = 10
< for k21, and §
2-3kZ2 = 3k? = 3k

is a nonzero multiple of a convergent p-series, and so convergent,
conparison test inplies that the series in (a) converges.//

- 10 -
b - - Si nce
®) % a3 |
- 10
I -
.o T (3TKY
di vergence test inplies that the series in (b) diverges.//

10¥
C
() 2 =T

=5#0,

(o)

Si nce

oy 10kt 3k! 1 10
P = IKLT 3(kK+-1)T 10K IKLT k+1

ratio test inplies that the series in (c) converges.//

=0,

(d) z(%) Si nce

- 1 i AR 1 1
= | = | e <1,
p=i Ez—+ (3/k2)) 3 W DTy Tz

root test inplies that the series in (d) converges.//

(e) é; ?7%%%?7 First, set
_ 10 "
f(x)__YTTFCU_forX O[2, ).

Plainly, f is positive and continuous on the interval [2,). Since

f/(x) = -10(1 n*(x) + 21 n(x)) <0 for x O(2, ),

(xT'n*(x))?
f i1s decreasing on [2,0). W may use integral test now Since
» 10 - b 10 - 10 10 10
— — _dx =lim| — =~ _dx =1 - = ,
szan(x) = LXan(X) =V TRty T TReey | T ThRCY

integral test inplies that the series in (e) converges.//
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3. (12 pts.) Each of the follow ng power series functions is the Macl aurin
series of some well-known function. |In each case, (i) identify the
function, and (ii) provide the interval in which the series actually
converges to the function.

[

PRI RS

(b) kz"_"; ( _1) k:( 2k+1

sin(x) for x O (-0, ).

tani(x) for x O[-1,1].

(c) Z%‘L(%%jﬁ“ = cos(x) for x OR = (-0, ) .

(d) kf;(_‘i)_fjﬁ —In(1-x) for x O(-1,1].

(e) ii'ér =eX =exp(x) for x OR = (-0, o).

00 1
k — _
(f) éox _Tt?.for x O(-1,1).

4. (8 pts.) Suppose t hat
f(x) = (-1)*(x - 1)«

k27¥

Find the radi us of convergence and the interval of convergence of the power
series function f.// To use ratio test for absolute convergence, we conpute

a 2
p(x) =1im |22 =lim( &) 2x-1] = 1x-1].

k - o

Pl ai nly,
p(x) <1 = 2[x-1|<1 = [x-1]<T7.

Thus, the radius of convergence is R = 7. By unwapping the rightnost
i nequal ity above, we can obtain the interior of the interval of

convergence, nanely, the interval (-6,8). Substitution of x = -6 into f
yi el ds

- (1)

1 k?
whi ch converges. Also substitution of x = 8 into f yields

y (D"

=

whi ch al so converges. The interval of convergence: | = [-6, 8].
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5. (5 pts.) Obtain the second Tayl or polynom al p,(x) of the function
f(x) =x¥s3
at x, = 8.
Pl ainly,
f/(x) =(2/3)x?3 and f’/(x) - -(2/9)x >3
for x # 0. Thus,

2(8) =2, f((8) = and f((8) - ~(2/9)(8) %3 = -1

12’ 144

Consequently, the second Tayl or polynomial at x, = 8 is

f("’(8)(x 8)k _ 1 B 2
X § + - (x-8) - x-8
6. (5 pts.) Using sigma notation and an appropriate Maclaurin series, by

doing termby-termintegration, obtain an infinite series that is equal to
the nunerical value of the following definite integral

Jl sin(x?) dx = [ Oy L Ddx -
0

1
0 by EDT ZTZk—I)T[ X dx

7. (5 pts.) Suppose

k20

for every x € (-16,24). By differentiating f termby-term obtain a power
series function that is the sane as f'(x). Use signma notation.

oy d Brx-4)cH § 2mk(x-4) s 2m(x -4) K
f’ = = - _
() kZ:lTRD k20 E kX; k20K > 20

k=1

F(x) - kﬁ; 21( X -4)

This is actually a tane geonetric varmnt that you can easily put in closed
form

8. (5 pts.) Express .112112... (repeating) as the ratio of two positive
integers. [The ratio does not have to be in | owest terns.]

.112112... = 112/999 in a couple of ways.



TEST3/ MAC2312 Page 5 of 6

9. (5 pts.)

1 k+1
QI A
Prove the infinite series above is conditionally convergent.

Si nce

00

Z ‘(_1) k+1k—3/4‘ = Z kim

k=1 k=1
a divergent p-series, the series (*) above is not absolutely convergent.
Qoviously (*) is an alternating series. (bserve that

=0, and o> 1
k‘) k3/4 (k+1)3/4

for kK 2 1. Thus, alternating series test inplies that (*) converges.
Since (*) converges, but not absolutely, (*) is conditionally convergent.

10. (5 pts.) It turns out that

l 00
exdx =) D
Jo kz;) (2K K

To approxi mate the nunerical value of the integral above to 2 deci nmal
pl aces by hand, what finite sum

n

= ) e

shoul d you use? Proof ??

It’s not horribly difficult to see the infinite series above actually
satisfies the hypotheses of alternating series test. Consequently, we nay
use the error bound fromthe alternating series test to determne a parti al
sum of the series that provides the desired accuracy. Since we then have

1 n
_x2 _ (-1) < 1
‘ jOe dX = 2k+1) KT ‘ 2n+3) (n+1)!

for n 20, it suffices to obtain an integer n 2 0 with
1 1 -2
YT S 7107
This last inequality is equivalent to

200 < (2n-3) -(n+1)!

By building a small table of factorials, it is easy to see imedi ately that
n+1=6o0r n=51is large enough just by using only the factorial term
Wth a little nore tinkering where we take into account the other factor as
well, we can see that n = 3 does the job. In this case, we actually have
(2n+3) (n+1)! = (9)(24) > 200.//
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11. (5 pts.) (a) By substitution into an appropriate Mclaurin series,
obtain the Maclaurin series for the function

f(x) =tan(2x?)

(b) What is the domain of the function f?
(c) What is the interval of convergence for the Maclaurin series of f??

(a) W can obtain the Maclaurin series of f by substituting 2x? into the
series for tan*(x) thus:

f(x) =tan?(2x?
( _1) k( 2X 2) 2k +1
< k-1

( _1) k22k+lx 4k +2
o k-1

We have convergence of the series to f provided that 2x? € [-1,1], or
equi valently |[2x?| < 1.

(b) Since the domain of tan' is the whole real line, R = (-, 0, it
follows that the domain of f is also R = (-0, ).

(c) It turns out that the set of nunbers for which 12x?] <1 is trueis
the sane as that for which

M s

=~
8

x| =

22"

The interval of convergence is | = [-2Y2%/2, 2Y2/2]./]

12. (5 pts.) Show how to find an interval that is symretric about
the origin where cos(x) can be approximated by p(x) =1 - x32 wth tw
deci mal pl ace accuracy.

Having diligently done our homework, we recognize that p(x) above is
the third Maclaurin polynom al of cosine. Since the fourth derivative of
cos(x) is cos(x), and |cos(x)| <1 for all x, we may use the Renai nder
Estimation Theorem to deduce that

cos(x) - p(x) | = [cos(x) - py(x) | < X[

for every real nunber x. Consequently, to obtain the desired accuracy, it
suffices to ensure that

l;#j < 1102
Evidently, this inequality true precisely when
X | < ((1.2)10Y) V4

This neans that an appropriate interval is | = (-(.12)Y4 (.12)Y4. It
shoul d be noted that this interval contains J = (-0.12,0.12) which m ght be
nore pal atable for calculation on a desert island.//

Silly 10 Point Bonus: OCbtain an infinite series that gives the exact val ue
of tan'!(2). Say where your work is, for it won't fit here!!



