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READ ME FI RST: Show nme all the magic very neatly on the page, for | do not read minds. Use correct notation when
presenting your conputations and argunents. Use conpl ete sentences. Remenber this: "=" denotes "equals" , "O" denotes
"inmplies" , and "<" denotes "is equivalent to". Since the answer consists of all the magic transformations, do not "box"
your final results. Eschew obfuscation. Each problemis worth 10 points.

1. Using a conplete sentence and appropriate notation, state precisely the First Part of the Fundanmental Theorem of
Calculus. [This is sonetines called the Evaluation Theorem]

If f(x) is continuous on [a,b] and g(x) is any antiderivative of f on
[a, b], then

[, 1060 dx = g(b) - g(a).

2. Eval uate the followi ng using the 1st Part of the Fundanental Theorem of Cal cul us.
172 1 1/2
. . . TT
dx = sin?(x ‘ =sin?!(1l/2) -sin?'(0) =
——— Tz
l. = ()| (1/2) (0) = g
3. Usi ng conpl ete sentences and appropriate notation, state the Second Part of the Fundanmental Theorem of Cal cul us.
Let f(x) be a function that is continuous on an interval I, and
suppose that a in any point inl. |[If the function g is defined on | by the
formul a
X
g(x) = [/ f(1) dt,
a
for each x inl, then g'(x) = f(x) for each x in |
4, (a) otain the solution to the following initial value problemin terms of a definite integral taken with

respect to the variable t, so the differential denoting the variable of integration is dt.

dY - secz(x)eta® with y(mW4) =5

ax
(b) Then by evaluating the dt integral, conpletely identify the solution, y(x).

X

y(x) = 5+J sec?(t)eta(V) dt (a)
w4
t

-5 - J T eudu = 5etanto gt (b)
1

etan™ +5-e, for x O(-12, 1W2)

using the u-substitution u = tan(t).
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5. (a) Gve the definition of the function In(x) in terms of a definite integral and give its donain and range. Label
correctly. (Hnt: Conplete the sentence,"In(x) = ... .")

In(x) = LX tl dt

for x > 0. The domain of the natural log functionis (0,0, and its range
is the whole real line, (-o,c).

(b) Gven In(a) = -20 and In(c) = 5, evaluate the follow ng integral.

051 _ 5 _ _ _ _ _
er)\_m(c) In(a) =25 - (-20) = 45.

6. If the given integral is expressed as an equivalent integral in ternms of the variable u using the substitution u = x?
- 1 so that the equation belowis true, what are the numerical values of the newlimts of integration a and B, and what is
the new integrand, f(u) ??? btain these but do not attenpt to evaluate the du integral.

2 B
J 2x [x2-1[3 dx = j f(u) du
0 o]
du = 2x dx f(u) = lul®
a = -1 B = 3
7. A particle noves with a velocity of v(t) =t? - 1 along an s-axis. Find the displacenent and total distance travel ed

over the time interval [O0,2].

Di spl acenment = rv(t)dt = Jztz—ldt -... =2
0 0 3

TotaI_Distance=L)2v(t)dt =J t2-1|dt =... =2

2
0

[ See Exanple 8, Section 6.6 of Anton’s 8th.]

8. Find each of the follow ng derivatives.
d [ x sin(t) si n(x)
a 2 dt | = 22
(a) dx| L t } X

(b) —gy X3 + Jtan(x) tani(t) dt }= 3x2% + tan}( tan(x))sec?(x)
I 1

3x?% + X sec?(x)
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9. Eval uate the following limits:
. 1\ _
i1 -
n(2)
ml e L) %1 1 B e
(b) 'X'JI‘(“BY) =L +U)E -ens =2

by using the substitution u = 5x plus sone | og magic.

10 Let the function g be defined by the equation
X
9(x) =[ (3t 2+1) V2 dt
1

for x € (- ,0). Then

(a) 9(1) =0.

Then since g/(x) = (3x*+D)¥ and g"(x) = 2P
—+

(b) g’(1) =2, and

(c) g/(1) = 3.

(d) Determ ne the open intervals where g is increasing or decreasing. Be specific.
By considering the sign of g' above, it is evident that g is
increasing on all of R = (-00,0).//
(d) Determne the open intervals where g is concave up or concave down. Be specific.

By considering the sign of g” above, we can see that g is concave down
on (-o,0) and concave up on (0,c).//

11. Find the exact arc length of the paranetric curve without elimnating the paraneter when x = cos(2t) and y = sin(2t)
when 0 <t < 12.

/2
_ w2 dx2 dyzlj
L_]AOTIIZ§1:)+(1:)E dt /2 w2
1
=[ (4sin?(2t) + 4cos?(2t)) ~ dt =J 2 dt =T
0 0

12. A spring exerts a force of 5 N when stretched 1 mbeyond its natural Iength. How nuch work is required to stretch
the spring 1.8 mbeyond its natural |ength?

9/5

_[9s _ (Y5 _(5,> _ 81 . _ . .
Wor k L F(x) dx JO 5x dx (ﬁzx)}O 15 ) since ()k =5 inplies

k =5 N per neter using the standard Hooke’s nodel .
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13 Eval uate the following integral.

J X2ex dx = x2e*x - J 2x e* dx

X2ex - [2xeX - J 2ex dx}

= x2eX - 2xex + 2ex + C

by integrating by parts twice, all the whil

e picking on the exponential as
t he recogni zed derivative, that is , setting dv =

e* dx.

14. (a) Sketch the region in the 1st quadrant enclosed by the curves defined by y = sin x, y =0, and x = 1W/2. Suppose
the region is revolved around the y axis. (b) Using the method of cylindrical shells, compute the volume of the solid of
revol ution forned.

(a) (b) Vszzhman)dx
0
, = -(2mx cos(x)) |§? + Jom 2mcos(x) dx
L]
Y = fx) - ZHJM cos(x) dx
0
— - : 2
T 2msi n(x) |o
= 21tsi n( g) - 2ntsin(0) = 27
_ x;-'y by using integration by parts in the obvious
b L way, setting u = 2mx and dv = sin(x) dx.
15. Eval uate the followi ng integral.

1 _ sec?( 0)
| T @ | treramey e ¢

J sec(0) de

In|sec(B) ~tan(B) | + C
In|(1+x?)Y2 +x| +C
using the trig substitution x = tan(0).

16. Conpl ete each trigononetric identity with an expression involving cos(2x).
(a) sinyx) = 1° C%f(zx)

(b)  cos¥(x) - 1~ C%S(Zx)
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17. Eval uate the integral.

J eXtan(e™>) dx = -In|sec(e*) | + Cusing the u-substitution u = e
18 Eval uate the integral.

[ sec(4x) dx = 71[I n|sec(4x) +tan(4x) | + Cusing the u-substitution u = 4x.
19. Eval uate the integral.

Leln(x) dx = xIn(x) |§- Lex(

x| —

)dx

= e—Jeldx=1

1
doi ng the obvious integration by parts.

20. (a) Suppose that n =2 2 is a positive integer. Showin detail how to derive the follow ng reduction fornula:
n-1 i _
J cos"(x) dx = £OS (ng' n(x) . nnlJ cos"?(x) dx

First, factor cos"(x), put on your sun glasses to protect yourself fromthe uv rays, and then do a sinple integration
by parts after choosing u = cos™!(x) and dv = cos(x)dx. Then, magically, you have

Jcos"(x) dx

cos"1(x) cos(x) dx
cos"(x)sin(x) - (n-1) Jcos”z(x) si n?( x) dx

since du = (n-1)cos™?(x)sin(x)dx and v = sin(x).

By putting your favorite Pythagorean identity to work by replacing the sin?x) in the integral on the right side
after the second equals sign above with 1 - cos?(x) and doing the obvious algebra and using the linearity of the integral,
you nmay now produce

Jcos”(x) dx = cos"}(x)sin(x) - (n-1) Jcos”(x) dx + (n-1) Jcos”z(x) dx
Finally, adding
(n-1) Jcos”(x) dx
to both sides of the equation above, and sinmplifying the left side al gebraically, we have
n Jcos"(x) dx = cos"(x)sin(x) + (n-1) Jcos“( X) dx

Mul tiplying by n't on both sides of this equation finishes the incantation.
Use the reduction formula in Part (a) to evaluate the following definite integral:

. 2
sz cos4( x) dx = cos*(x) si n(x) ‘ . 3 jmz cos?( x) dx
0 4 lo 4 o

_ 3 (w2 ,
7[}0 cos?( x) dx

3 Tos(x)sin(x ", 1w -
_ os(x) sin(x o

7[% > ‘0 +_2L) cos®(x) dx%
_ 3.1 ("2 4o 3.1 m_ 3m

7[7}0 4 72 72 16



