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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and argunents

Wite using conplete sentences. Be careful. Since the answer really consists of all the magic transformations, do not
"box" your final results. Communicate. Eschew obfuscation. Show ne all the nagic on the page
1. (25 pts.)

The region R bounded between the curves x2 + y2 = 20 and y = x? is sketched
bel ow for your convenience. The sketch does not have all the information
you need for this problem!
(a) Wite down, but do not attenpt to
eval uate the definite integral whose
numeri cal val ue gives the area of the
2 region Rif one integrates with respect to
S0y so the differential in the integral is
dx.

2 -
Area = f V20 -x? - x? dx
-2

(b) Wite down, but do not attenpt to

eval uate the sumof definite integrals
whose nunerical value gives the area of the
region Rif one integrates with respect to
y so the differential in the integral is

Arca = foll\/?—(—vﬁ dy+f T 20-y? - (-y20-y?) dy

(c) Afirst step to evaluate the definite integral in part (a) above is to
performa suitable trigonometric substitution. Explicitly give the
substitution and provide the definite integral with respect to 6 that
results, but do not attenpt to evaluate the dB integral you have obtai ned.

Using x = /20s8in(0) so that dx = J20cos(0) dO and 6 = Sinl(\/x_),
20

Area = fsmi(l/ﬁ){
sin - (-1/%)

(d) Wite down, but do not attenpt to evaluate, the definite integral that
provi des the nunerical value of the arc-length of the | ower curve above,
y = x2fromx =-2 to x = 2.

J20 - 20sin?(B) - 20sin?(B) | /20cos (B) dB

Length = fz V1+(2x)2 dx
-2

(e) Afirst step to evaluate the definite integral in part (d) above is to
performa suitable trigonometric substitution. Explicitly give the
substitution and provide the definite integral with respect to 6 that
results, but do not attenpt to evaluate the dB integral you have obtai ned.

Using 2x = tan(B) so that dx = %secz(ﬁ) dd and B = tant(2x),

Length = ftam% W T+ tan’ (0) %secz(ﬂ) do

tan™t(-4)
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2. (5 pts.) Suppose that n > 2 is a positive integer. By using
integration by parts and an appropriate trigononetric identity, show in
detail how to derive the follow ng reduction fornmula:

fcosﬂ(x> dX _ COSn_l (X) Sln(X) + ﬂfl f COSH—Z (X) dX
n n

First, factor cos"(x), put on your sun glasses to protect yourself fromthe uv rays, and then do a sinple integration
by parts after choosing u = cos™!(x) and dv = cos(x)dx. Then, magically, you have

f cos™(x) dx = f cos” !t (x)cos (x) dx
= cos? M (x)sin(x) - (n—l)f cos™? (x)sin® (x) dx

since du = (n-1)cos™?(x)sin(x)dx and v = sin(x).

By putting your favorite Pythagorean identity to work by replacing the sin?x) in the integral on the right side
after the second equals sign above with 1 - cos?(x) and doing the obvious al gebra and using the linearity of the integral,
you may now produce

f cos?(x) dx = cos?(x)sin(x) - (n—l)f cos?(x) dx + <n—1)f cos??(x) dx

Finally, adding (I’l—l)f COSH(X) dx to both sides of the equation above, and sinplifying the

left side algebraically, we have

nf cos?(x) dx = cos?l(x)sin(x) + <n—1)f cos™? (x) dx

Mul tiplying by n'' on both sides of this equation finishes the incantation.

3. (20 pts.) (a) (5 pts.) Using literal constants A B, C, etc., wite
the formof the partial fraction deconposition for the proper fraction
below. Do not attenpt to obtain the actual nunerical values of the
constants A, B, C, etc. Be very careful here.

3x%+5 _ A B [, Cx+D , Ex+F _  Gx+H

= +
x(x-2) (x?+1)3 X x-2 X247 (x2+1)72 (x?+1)3

(b) (5 pts.) @obtain the nunerical values of the literal constants A B,
and Cin the partial fraction deconposition bel ow.

(*) x—2 _ é + Bx+C
x(x2+1) X x2+1
A, B, and C satisfy (*) for each x different fromzero if, and only
(A+B)x? + Cx + A =0x? +1x - 2

for every real nunber x. Equating coefficients and solving the resulting
linear systemresults in A=-2, B=2, and C= 1.//

(c) (10 pts.) If one were to integrate the rational function in part (a),
one m ght al so encounter the integral below Evaluate the integral bel ow.

fi( L dx = f sec”(6) d8 =f cos“(6) do

x%?+1)° sec® (0)
_ cos’(0)sin(0) N 3cos (0)sin(0) N 30 L
4 8 8
- X N 3x , 3tan” (x) .
4 (x?+1)2 8 (x?+1) 8

using the trigononetric substitution x = tan(0) and the reduction formula
given in Problem?2 twice. [You get to fill in that |acuna.]
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4, (50 pt S. ) Eval uate each of the followi ng antiderivatives or definite integrals. G ve exact values for
definite integrals. Be careful, for some of the definite integrals are inproper. To get any credit, they nust be handl ed

correctly!!! [5 pts./part]

5 n 1In(7)
(a) 1”1“7 6xeX“dx::fl(” 3et du - (3eY) - 3en7) - 300 - 19
0 a 0
by using the u-substitution u = x2
(b) ) . b
f xe X dx = 1lim xe ™ dx = 1lim (—xe™ - e™)
0 b - o Q b - 0
- 1im(1 __;L _ ;9.) -1
b~ e eb eb
by integrating by parts using u = x and dv = exp(-x) dx.
(c) -
f 16 sin® (¢) dt= [M}dt
6]
= f 8-8cos(2t) dt = (8L-4sin(2t))
0 0
= 8n-4sin(2n) - (0-sin(0)) = 87
via trig or treat.
(d) p b
fﬁ 2tan(2x) dx = lim f 2tan(2x) dx = 1lim 1In(sec(2x))
a b-mn/4" b-7n/4" Q
= lim 1ln(sec(2b)) = +wx
b-7n/4"

using the u-substitution u = 2x.

(e) fA——lﬁigf dt =21 + 4t2 + C
V1 + 4¢t?

using the u-substitution u = 1 + 4t?2

(f)

f sin’ (x) dx=f sin(x) (1-cos’(x)) 4.
cos (x) cos (x)

ftan(x) dx - f sin (x) cos (x) dx

1n | sec(x) | - %sinz(x) + C

This may be handled in a variety of ways in the end so that there are many
equi val ent ending forms. For instance, above, after using the obvious
trigononetric identity, you mght do the substitution u = cos(x), etc.

(9)

1

flﬁcbpfl 2X dx+f1 L gy =(In(x?+1))| +(tan(x))
0 x?+1 0 x%+1 0 x%+1 0

= In(2) - 1In(l) + tan (1) - tan'(0) = 1n(2) =+ %

This may al so be handl ed using the trigononetric substitution x = tan(98)
easily.
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4, ( CJJT]t. ) Eval uate each of the followi ng antiderivatives or definite integrals. Gve exact values for definite

integrals. Be careful, for some of the definite integrals are inproper. To get any credit, they must be handled correctly!!

[5 pts./part] (h)

fxzcos(x) dx = x?sin (x) —fzxsimx) dx
= x?sin(x) —{(Zx)%—cos(x)) —f=2(—cos(xd) dx
= x?sin(x) + 2xcos(x) - 2sin(x) + C

by integrating by parts twice, all the while picking the trigononetric
factor as the recogni zed derivative.

(i) :
f 4 dX:deX=fi—é X:4lnﬂ + C
x2%-x x(x-1) x=-1 X X
after doing an easy and obvious partial-fraction deconposition.
(1) 2x" 1 dx=f2)<—4+ dx = x? - 4x +91ln|x+2| + C
X+2 X+ 2

after doing an obvious | ong division.

Silly 10 Poi nt Bonus: (a) Prove that

* 1 4 4t

) T23 s
for every t € [1,2]. (b) Using (a) to conpare a couple of integrals,
prove In(2) > 2/3. [//Say where your work is, for there isn't room here.

(a) By doing elenentary algebra, the truth of inequality (*) above on
the interval [1,2] may be seen to be equivalent to that of the follow ng
i nequal ity:

1 _ é___ég):.i1;¥éaj >0

£ ( 3 9 9t -
for t € [1,2]. The inequality is actually true when t > 0, and fal se when
t < 0.

(b) Fromthe order preservation properties of definite integrals, the
truth of inequality (*) on the closed interval [1,3] inplies that

1n(2) :flz 1 dtzfj % _ At gt

9
=(g_ztz)
3 9
(8 _ 8, (4 _2, _ 2
( 3 9 ) ( 3 9 ) 37

To see that the inequality is actually sharp, it suffices to nunble that
the two functions

2

1

at
9

are continuous on [1,2], with f(t) > g(t) except at t = 3/2. Thus the two
integrals above are not equal.//

r(e) =

ol

_ 4
and g(t) = 3



