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READ ME FI RST: Show al | essential work very neatly. Use correct notation when presenting your conputations and argunents.
Wite using conplete sentences. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and "<" denotes "is

equi val ent to". Since the answer really consists of all the magic transformations, do not "box" your final results.
Communi cate. Show nme all the magic on the page. Eschew obfuscation.

1. (4 pts.) Find the general termof the sequence, starting with n = 1,
determ ne whet her the sequence converges, and if so, find its limt.

1+i)31 1+£)5’ 1+i)7,‘1+£)9, 1—0—;\11,
1 2 3 4 5

4

Thus, lim a, = lim

11 = o n - o™

2. (4 pts.) Express the repeating decimal as a fraction, nore
specifically as a quotient of positive integers. [The fraction does not
have to be in | owest terns.]

121
999

either by using the "high school” method or summing an appropriate geonetric series.

0.121121121 .. =

3. (4 pts) Usi ng conpl ete sentences and appropriate notation, give the
precise € - N definition of
(*) lim a, = L.

n - o

/1 W wite (*) above if L is a nunber such that, for each € > 0, there
is a positive integer N, dependent on g, such that for every positive
integer n, if n >N, then | a,- L | <& [/

4. (8 pts.) Conplete the follow ng by supplying the summand and filling
in the blanks appropriately.
(a) A p-series is a series of the form

k
This series diverges if p <1 and this series converges if

p>1

(b) A geonetric series is a series of the form

o
Y art
k=0

This series diverges if rl =1 and this series converges if

rl <1
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5. (4 pts.) Gve the precise mathematical definition of the sumof an
infinite series,
(**) Zak
k=1

/1 A nunber s is the sumof the series (**) above if

llmz .
k=1 K

11— o

If the limt fails to exist, the series is said to diverge. //

6. (8 pts.) Determ ne whether the series converges, and if so, find its
sum
® 3 k+2
(a) -=
xiz)
This is obviously a geonetric series with r =-3/2 and a = -27/8. Since
'r| > 1, the series diverges and there isn’t a sum
= 1 ~ 1 i X 1 ~ 1
o [m(mz) In(k+3) } Hn ), {1n<k+2) In(k+3) }
= lim L - 1 = 1
n-w| 1n(3) In(n+3) In(3)

using the definition of the sumof an infinite series.

7. (4 pts.) Find all values of x for which the series converges, and
find the sumof the series for those val ues of x.
X2+£+i4+ x” + x° + .
5 25 125 625

Evidently, this is a geonetric series. Witing the series using signa
not ati on nakes things easy. Thus,

f: 2(5) _ x? _ 5x*
— 5

NEIRAE

provi ded that ‘é?‘ <1, or |x|<5, or -5<x<5.

8. (4 pts.) Apply the divergence test and state what it tells you about
each of the follow ng series.

o . ) k . . .
k Since 1im =1 #0 di vergence test inplies that
(a) e k1 ’
Z:l k+1 _ K B
(a) diverges.
(B) 55 1n (k) Si nce limAlﬁiﬁl = 0, divergence test provides no
=1 VK koo K

i nformati on concerning the convergence of (b).
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9. (6 pts.) Let r(x) =sin(nx) .
Obtain the 3% Tayl or polynom al of f(x) about x, = 1.

f(l)(l) (x-1) . f(Z)(l) (x-1)2 N I(?v)(l) (x-1)3

by{x) = £{1) + 1! 21 3!

(x-1) , T (x-1)°
3!

= -
1!

10. (4 pts.) Use root test to determ ne whether the series converges. If
the test is inconclusive, say so.

o0

. k . oo
2:(_§+_E) Since p =1im

k - =
k=1

N

k11/k
1,2 - 1iH1(J:+_%) -1 <1, root
2k 2k 2

test inplies that this series converges.

k - o

11. (6 pts.) Cassify each of the follow ng series as absolutely
convergent (AC), conditionally convergent (CC), divergent (D), or none of
the preceding, (N. Circle the letters corresponding to your choice. (No
explicit proof is needed.)

() S ) e

k=1 k'4+1

(0 Eay (AC) (o @
() Eou- @ (CO) = -

12. (4 pts.) Confirmthat the integral test is applicable, and then use
it to determ ne whether the foll ow ng series converges:

)

1
2: i1 Let r(x) =1/(x?+1) for x 2 1. Plainly f is a positive
k=1
continuous function, and 1/(k® + 1) = f(k) for k = 1. Since

fl(x) = (2x)x(1+x?)2 < 0o for x > 1, it follows that f is

decreasing for x = 1. This nmeans that we may use f, defined above, in
integral test to determ ne whether the given series converges. Since
T

f‘” F(x) dx = 1lim L dx=1lim(tan?(b) -tan'(1)) =T
1 b-wJ1 x2+71 b~ o 4

it follows fromintegral test that the given series of #12 converges.
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13. (4 pts.) Consider 53J;2i<X'—ﬂﬁk. Fromratio test for absolute
k=1 vk 10"

convergence, since lim |x-1|. ,the radius of convergence is R = 10

k - oo U

10

Substitution of x = -9 yields Y L0 -y 1 and substitution of x = 11
k=1 Vk k=1 vk
yi el ds > Cgk Consequently, the interval of convergence is | = (-9, 11].
k=1 V*
14. (4 pts.) Use ratio test to determ ne whether the series
converges. If the test is inconclusive, say so.
) 2 Z . .
Y o Since p =1lim S5/(k+1)® 1im(-—fi-) -1, ratio test is
k=1 k7 k- o 5/k? k- | k+1

i nconclusive. [ Series converges, but ratio test ain’t talkin . ]

15. (4 pts.) Use conparison test to show the follow ng series diverges.

. First,
y VE
k=1 k4 1/(5Vk) < Vk/(k+4)

for k 2 1. Since the series Y7.,(1/(5k'#)) diverges, being a

nonzero nultiple of a divergent p-series, conparison test inplies that the
series of problem #15 diverges.

16. (4 pts.) In(1.1) = Y Lo

k=1 k1o0k

Use the error estimate fromalternating series test to find an upper
bound on the absolute error when the finite sum

5 {,l)kﬁ
DY
k=1 k10*

is used to approximate In(1l.1).
Fromthe error estimate fromthe alternating series test, we have

s. — 1n(1.1)] < =
| 5= n A (6) 106

Thus, M = 1/6000000 is an upper bound on the absolute error in the
appr oxi mati on.

17. (4 pts.) Conplete the follow ng appropriately.
(a) If f has derivatives of all orders at X, then the Taylor series for f at x = X, is
defined to be

]

Z f(fk) (XO> (X—Xo)k

k=0 k!
(b) Suppose the function f can be differentiated five times on the interval | containing X,
=2 and that |[f®(x)| < 20 for all x inl. Then, for all x in |,

IR, (x) | < 29 |x -2,

51
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18. (4 pts.) Determ ne whether the follow ng sequence is eventually
i ncreasing or eventually decreasing or neither:

nl "
{ 10” } Since %= = 1'1 5 1 yhenn > 10, the sequence is eventually
n=1 a, 10
I ncreasi ng.
o . Ay,
19. (8 pts.) (a) Suppose f(x) =2Xi, a,(x-x,)% and 1lim | @ | -0 .

Koo [
What is the domain of the power series function f ? //Applying the ratio

Ups . Ay
1 = 1im

k-

test for absolute convergence, since 1lim
k - «

power series function f converges absolutely for each real nunmber x. The
domain of f is R = (-0,0).//

“|x-x,] =0, the
u, a,

(b) Suppose g(x) =27, b (x-x,)% and lim [ By | = +o . What is the

k- ‘bk‘
domain of the power series function g ? //Applying the ratio test for

k%+l

k

Upsq

absol ute convergence,since 1im
kK - =

follows that the power series function g converges only at its center. The
domain of gis { x, }.//

|x-x,| = when x # x, , it

= 1im
k

Uk -

20. (4 pts.) Let the sequence {a,} be defined recursively by
a =1, and a,,+1=i(ap+£)
s 2 P an
for n 2 1. Assumng the sequence converges, find its limt L.// First
L= 1imam=i(1imap+ 25 J - Lz 2
n- 2| n-= " lim a, 2 L

Then routine algebra inplies that L? - 25 =0, sothat L =5 or L = -5.
Since the sequence is nonnegative, the limt, if it exists, nust also be
nonnegati ve. As a consequence, L = 5.

21. (4 pts.) Find a positive integer Nso that if n =2 N, then

") =5 78] < (e
n+2 2

and prove it provides the desired error bound.
/1 By doing a little routine algebra, it is easy to see that when n > 1
inequality (*) above is equivalent to

L0 ¢ (Lo o L0 (Ll o 2:10% < n+2 o 19998 < n.
n+2 2 n+2 2

It follows that if we let N = 19999, then if n > N, then n > 19998, which
is equivalent to (*). Just trace the doubl e-headed arrow path backwards.//

Silly 10 Point Bonus: [Found in c2-t3-b.pdf ?7?]



