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STUDENT NUMBER: 0000000 EXAM NUMBER: 00

Read Me First:

Read each problemcarefully and do exactly what is requested. Ful
credit will be awarded only if you show all your work neatly, and it is
correct. Use conplete sentences and use notation correctly. Renmenber that
what is illegible or inconprehensible is worthless. Comunicate. Eschew
obfuscation. Good Luck! [Total Points Possible: 120]

1. (20 pts.) (a) Using a conplete sentence, state the first part of the
Fundanent al Theorem of Cal cul us, the eval uation theorem

/1 If f(x) is continuous on [a,b] and g(x) is any antiderivative of f on
[a, b], then

fbf<x> dx - g(b) -gla). I/

(b) Using conplete sentences, state the second part of the Fundanent al
Theorem of Cal cul us.

/1 Let f(x) be a function that is continuous on an interval I, and
suppose that a in any point inl. |If the function g is defined on | by the
formul a

glx) = [ £(e) de,
for each x inl, then g'(x) = f(x) for each x in |.//
(c) Conpute g'(x) when g(x) is defined by the foll owm ng equation

g(x) = fOX tan ' (t) + 29 dt + e*

g'(x) = tant(x) + 29 + 2xe*’

(d) Gve the definition of the function In(x) in terns of a definite
integral, and give its domain and range. Label correctly.
- (1
In(x) = fl c de
for x > 0. The domain of the natural log function is (0,0, and its range
is the whole real line, (-c,0).//

(e) Wite the solution to the following initial value problemin terns of
a definite integral taken with respect to the variable t, so the
differential denoting the variable of integration is dt. Then reveal an
alternative identity of y by actually evaluating the definite integral with
respect to t.

dy 6 1n° (x)

= 2= with y(e) = 59.
dx X

y(x) =59 + fx fllﬁéiél dr

59 + 1n®(x) - 1n®(e) = 1n®(x) + 58.
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2. (5 pts.) Suppose that
B © (_l)k+1(X_l)k
f(x) = B
2; Vk 5%

Find the radius of convergence and the interval of convergence of f.

/1 To use ratio test for absol ute convergence, we conpute

p(x) =1im [Z=

k - o

k-o 9 k+1 5

x-1].
Pl ainly,
p(x) <1 o 2Lijx-1/ <1 o |x-1] < 5.

Thus, the radius of convergence is R=5. By unwapping the rightnost inequality above, we can obtain the interior of the
interval of convergence, nanely, the interval (-4,6). Substitution of x = -4 into f yields

Yo
k=1 j1/2

whi ch diverges. Al so substitution of x = 6 into f yields

Zm (,l)k*r,
k=1 y-/2

whi ch converges. The interval of convergence: | = (-4,6].//
3. (10 pts.) Each of the follow ng power series functions is the
Macl aurin series of some well-known function. In each case, (i) identify

the function, and (ii) provide the interval in which the series actually
converges to the function.

- k - 1 _
(a) ;X = for x € (-1,1).
(b) iw = cos(x) for x € R = (-0, ),
2 T (2K) !
(c) iw = tant(x) for xe [-1,1].
&= 2k+1 '
bl (_1>kX2k+1 _ ) _ o
(d) Z;W sin(x) for x € R = (-0, o),
(e) ii_L:LﬁEff; = In(1+x) for x€ (-1,1]
=0 k+1 ' .
4. (5 pts.) Let rF(x) =sin(nx) .

Obtain the 3¢ Tayl or polynomi al of f(x) about x, = -2.

p3(X) = f(-2) + f(1>(,2) (x-(-2)) + f(Z)(fz) (x=(-2))° + f(3)<72) (x-(-2))"

(x+2) _ =

T
1!
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5. (8 pts.) (a) ln(1.1) = y©

k=1 k1ok

Use the error estimate fromalternating series test to deternmine a specific value of n 2 1 so that the partial sums,
approximates In(1.1) to 6 decimal places, where, of course,

n (-1) k+_
S =
. Ek:l k10¥
Si nce

|s, — 1n(1.1) | < ——— for n
(n+1) 10274

v
[

it suffices to find a positive integer n so that

;’ < ( 1 ) 1076
(n+1) 1077~ 2

is true. Converting the last inequality to an equivalent formand taking into account that n nust be a positive integer shows
that we nmust have n = 5. Thus, take n = 5. //

(b) Use the Remainder Estimation Theoremto obtain an interval containing x = 0 in which f(x) = sin(x) can be
approxi mated to two deci mal place accuracy by

x3 x°

+
3! 51

p(x) = x -

Since p(x) = peg(x), the 6th Maclaurin polynomal of f, the 7th derivative of f is
-cos(x), and |cos(x)| <1 for all x, we may use the Remmi nder Estimation Theoremto deduce that

[ x|”
7

for every real nunber x. Thus, to obtain the desired accuracy, it suffices to ensure that

|cos(x) - p(x) | = |cos(x) - pg(x) | <

7
X ] _ . . .
|7 || < =10°* which is equivalent to |[x| < (25.2)%"7.
This nmeans that an appropriate interval is | = (-(25.2)Y7 (25.2)V7). [/
6. (6 pt S. ) Suppose a spring has a natural length of 1 foot and a force of 15 pounds is required to conpress the
spring to a length of 9 inches. How much work is done in stretching this spring froma its natural length to a length of 18
inches? [Assume Hooke's Law is valid.] 11 Since (1/4)k = 15 inplies that k = 60 (lbs./ft.),

w= [ 60x ax = (30x7)|Y* = 22 (fr.-1bs.).
0

[ Note: [NOT RECOMMENDED] A nonstandard sol ution may be obtained by getting the spring constant in pounds per inch. In this
case k = 5. The corresponding integral for work is given by

W = f; 5x dx = ({x7)]5 = 90 (inch.-1bs.).

7. (6 pt S. ) Here are three convergent infinite series that should be very easy to sumup at this stage. Provide
the val ue of each sum
fe .
(_1)k(ﬂ)21<+1 ) .
(a) > ———=— = sin(Zf) = -sin(Z) = -2
= (2k+1) ! 6 6 2

() ¥(2)i) - -

1 - (1/2)

(¢c) i (In(s59))k — eln(s9) - g9
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8. (20 pts.) Here are five easy antiderivatives to eval uate.
(a) fZSJ_n (2) dx = fl - cos(x) dx = x - sin(x) + C
(b)

fln(x+8> dx x1n(x+8) —f X

x+8

= x1In(x+8) fl_x+8 dx
= (x+8)In(x+8) - x + C
4 - =
(c) f s 9t - f)4sec(2t) dt = 21n|sec(2t) + tan(2t) | + C
(d) f (4x-2)e* dx = (4x-2) f4e dx = (4x-2)e* - 4e* + C
(e) ;
sec’ (0) _ sec (0) 2
a8 de Can(0) (1+tan=(0) ) dO
= [ csc(8) + sec(8)can(0) dd
= sec(0) - In|csc(B) + cot(B) | + C
9. (10 pts.) A first step in evaluating each of the definite

integrals belowis to performa suitable trigononetric substitution.
Explicitly give the substitution and provide the definite integral with
respect to 6 that results, but do not attenpt to evaluate the dO integra
you have obt ai ned.

(a)

f\/_ 1 dx - fﬁ 2cos (0) db
x%/a - x* ® 4s5in?(0)/4-4sin”(0)
Z = sin (0) , dx = 2cos (0) dO
where .
@ =sin(5) =2, B = Sinﬁl(%g) =z
(b) r , ,
fﬁ VTl g fﬁ Jtan® (8) + 1 sec?(0) 40O
y = I = ,
1 x @ tan (0)
x = tan(0) , dx = sec*(0) do
vhere 1 4 - tan-i(1) - 2, B -rtan(2).



NAME: MAC2312M Fi nal Exam Page 5 of 6

10. (10 pts.) (a) (2 pts.) Using literal constants A, B, C etc., wite
the formof the partial fraction deconposition for the proper fraction
below. Do not attenpt to obtain the actual nunerical values of the
constants A, B, C etc.

59x2-29 A B C ,Dx+E, Fx+G

= = 4+ +
x(x-2)2(x?+5)2 X X-2 (x-2)? x?+5 (x2+5)72

(b) (3 pts.) otain the nunerical values of the literal constants A B,
and Cin the partial fraction deconposition given bel ow

(*) x%+4x+3 _ A . Bx+cC

x(x?+1) X xZ+1

A, B, and C satisfy (*) for each x different fromzero if, and only if

(A+B)x? + Cx + A = x? + 4x + 3
for every real nunber x. Equating coefficients and solving the resulting
linear systemresults in A=3, B=-2, and C = 4.//

(c) (5 pts.) Find the follow ng integral
X%+4x+3 dx = [ 2 - _2x 4 g«

+
x(x2+1) X x?+1 x2+1

=31ln|x|-1In|x’+1|+4tan'(x) + C

11. (10 pts.) Suppose
f(x)
A=Y

(a) By using sigma notation and termby-termdifferentiation as done in
cl ass, obtain a power series for f'(x).

kl k
+ X_ Z)K
k

l\+l

£/ _d y ~d | 1) (- o)k
) d Z; ksk kZ; dX{ k 8k
- 55 (1) d [(x - 2)k 53 ) (x - 2) Kt

= kgk dx =

(b) By using sigma notation and |ntegrat|ng termby-termas done in class,
obtain an infinite series whose sum has the sane nunerical value as that of

t he follomnng definite integral. [W are working with the power series f
above. ]
"7 7 had k+l k *® 7 _ k+1 k
- (x - 2) - (-1) " (x - 2)
fz f(x) dx L kz; k87< dx Z fz P dx

k=1

bl —1) k1 ot k+157<+1

- Y U [ mmpra -y LH L
= k8 2 = k(k+1)8
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12, (6 pt S. ) Sketch the curve r = 4sin(8) in polar coordinates.

Do this as follows: (a) Carefully sketch the auxiliary curve, a rectangular graph, on the r, 6-coordinate system provided.

Then translate this graph to the polar one.

ra) r A
¥ .

i

{ t >

T W )

e

(b) [ Think of polar coordinates |lying over the x,y axes bel ow. ]
¥
4 t = 4 sinjtheta)

(c) Wite down, but do not attenpt to evaluate a definite integral with respect to 6 that provides the numerical value of

the area encl osed by the polar curve given in Part (b) above.

Area = fo” %(4 sin(8))7? d8

13. (4 pts.) Evaluate the follow ng integral:

Z

- va[7 sin() dx - ﬁf;ﬁ sin(u) 2du

3 3

—_ /2 —_
= -2%cos(u) |}? = 272.
Silly 10 point bonus: You may do exactly one of the follow ng:
(a) State the Mean-Val ue Theoremfor Integrals and use it to prove the second part of the Fundanmental Theorem of
Cal cul us, or
(b) Identify the function f given by the power series in Problem 11 above.

State whi ch bonus you are attenpting and where your work is.

(b)



