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STUDENT NUMBER: 0000000 EXAM NUMBER: 00

Read Me First:

Read each problemcarefully and do exactly what is requested. Ful
credit will be awarded only if you show all your work neatly, and it is
correct. Use conplete sentences and use notation correctly. Renmenber that
what is illegible or inconprehensible is worthless. Comunicate. Eschew
obfuscation. Good Luck! [Total Points Possible: 120]

BONUS Part (a): State the Mean-Val ue Theoremfor Integrals and use it
to prove the second part of the Fundanental Theorem of Cal cul us.

Mean- Val ue Theorem of Integrals. If f is a continuous function defined on
a closed interval [a,b], then there is a nunber x" in [a,b] such that

fb Flx) dx = Fflx*) (b - a)

2nd Part of the Fundanental Theorem Let f(x) be a function that is
conti nuous on a non-degenerate interval |, and suppose that a in any point
inl. If the function g is defined on | by the fornula

g(x) =fo<t> dt,

for each x inl, then g'(x) = f(x) for each x in |

Remar k. You may, of course, reproduce the argunent presented by Anton, et
al, in Section 5.6 of the 9'" Edition or Section 6.6 of the 8" Edition that
avoi ds revealing any of the neat € - antics that can be done. W, however,
will revel in that silliness.

Proof with ¢ - Antics.

First observe that the function g is well-defined due to the
continuity of the function f on the interval | and properties of the
definite integral.

W next obtain an expression in terns of a definite integral for the
usual difference quotient used in conputing a derivative fromits
definition . Let x €|, Then

g(x+h) - g(x) _ i{f“h F(t) dt —fX f(t) dt}

h h
= L reey g
= [t a

provided h # 0 and x+h € 1.

either a left

Now we shall restrict our attention to the where x i s ei
t in this case that

endpoint or an interior point of I. W shall showtha
h - 0" h

To this end, let € > 0 be arbitrary. Since f is continuous fromthe right
at x, there is a small nunber & > 0 so that if t satisfies 0 <t - x <9,
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then [f(t) - f(x)| <& Gab this wee d and suppose that h is a nunber
that satisfies 0 <h <d. If 0 <h <9, then [x,x+h] O [x,x+d). Applying
t he Mean-Val ue Theoremfor Integrals to f on the interval [x,x+h], it
follows that there is a nunber t* in [x,x+h] O [x, x+d) where

[T Fey de = (e (eeh) -0

SO

Thus,

g(x+h) - g(x) _ f(x)‘ - ‘%if”“h £(t) dt - f(x)

= | f(t") -f(x)| <e.

This conpl etes the proof that the right-handed derivative of g at x is f(x)
whenever x is either a left endpoint that is in the interval or is an
interior point of the interval. [Yes, we verified the € - 0 definition.]

The proof that
g(xth) — g(x)

pip S - e

when x is either a right endpoint or an interior point of I is simlar.

To this end, let € > 0 be arbitrary. Since f is continuous fromthe |eft
at x, there is a small nunber & > 0 so that if t satisfies -6 <t - x <0,
then [f(t) - f(x)| <& Gab this wee & and suppose that h is a nunber

that satisfies -8 <h <0. If -d<h <0, then we al so have

[ x+h, x] O (x-90,x]. Applying the Mean-Value Theoremfor Integrals to f on
the interval [x+h,x], It follows that there is a nunber t* in the interva
[ x+h, x] O (x-90,X] where

fff(r) dr = F(t%) (x - (x+h))

SO

Thus,

+h

1 f”{ f(e) dt - f(x)‘

| £(t") -£f(x) | <e.

This conpl etes the proof that the | eft-handed derivative of g at x is f(x)
whenever x is either a right endpoint that is in the interval or is an
interior point of the interval. [Yes, we satisfied the € - & definition.]

Putting the pieces together, now, we are finished. //
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11. (10 pts.) Suppose
(-1) %1 (x - 3)F
k 8%

(a) By using signma notation and t ern}by-tern1differentiation as done in
cl ass, obtain a power series for f'(x).

£(x) =

s

3 -

o

Flix) = 4 (1) (x - i d | 1) (x - 3)k
dx | = kgk = dx k8~
Sy DA [x-3)F] oy DT (x -3
= kgt dx = 8K
(b) By using signma notation and integrating termby-termas done in class,
obtain an infinite series whose sum has the same nunerical val ue as that of
the following definite integral. [W are working with the power series f
above. ]
*5 k+1 _ k il 5 (-1) k+1 _ k
f(x) dx = (x = 3)% gx = A7) T (x - 3" gx
f3 f k=1 k8k ;; L k8k
k1 es = (1) kr1pkel
= (x - 3)%dx = B
kz; kSK L KZ; k(k+1)8*
BONUS Part (b): I dentify the function f given by the power series in

Probl em 11 above.

Remark. This is simlar to an old bonus found online in the Test Tonbs in
the Calculus Il materials in Bonus Noise: c2-t3-bo.pdf in Fall, 2005. Like
that problem this may be solved in nore than one way.

Solution 1. Doing straightforward al gebra, observe that

_ v DR x - 3)F v (—1)k1( x-3 \k
fx) = —_— =
* ;; gk 2; k 8 )
= ln(1+(X__3)) = ln(X“LS'
8 8
if -1 <(x-3)/8<1or -5<x <11. You need only to have the solution
to 3 (e) above,
Z x = In(1+x) forxe (-1,1] ,

k+1
i n your bio-conputer for pattern matching.//

Solution 2. As an alternative approach, you mght realize that you can
obtain f' in a closed formsince the solution to Problem 11l (a) is a
geonetric series.
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hserve that

> - K+ 3 > - k+1 k-1
£lix) = =D d [ (x - 3)F] D (x - 3)
X ]; kgk ax ]; 8]<
_ow 1) (F)(x=3) 0y _ 1 )
Z 8( 5 ) e when |x-3]| < 8.

J
Clearly f(3) = 0. Thus, the function f satisfies the wee initial value
problem f'(x) = 1/(x + 6) for x € (-5,11) wth f(3) = 0. Using the 2nd
Part of The Fundamental Theorem of Cal cul us, we have

X+5
8

)= [0 ;5 dt = 1n(x+5) - 1n(8) = 1n(

for x € (-5,11).// (End of "hard" solution).




