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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conputations. Wite using
conpl ete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Vector

obj ects nust be denoted by using arrows. Since the answer really
consists of all the magic transformations, do not "box" your
final results. Show ne all the nmagic on the page.

1. (10 pts.) Set up, but do not attenpt to evaluate the
iterated double integral in polar coordinates that gives the area
of the region in the plane that is inside the circle defined by
the equation r = 8-cos(0). Label your expressions appropriately.

F = er s & Ky X
S xlex+i6 ky2 =16
@3 QX"LF)l-FV/a‘ =14

/ l‘:?me
N
Area(R) = JZZJ;”S‘B’ r dr de = 2JOT“J08C°S“’) r dr de.

Renenber that we must keep r = 0, Fol ks??? Try draw ng the
rectangular r, 0 auxiliary graph first to see howthe circle gets
traced. See Section 9. 2.

2. (10 pts.) Convert the given iterated integral into an
iterated integral in polar coordinates that has the samne
nunerical value and is easier to evaluate, perhaps. Do not
attenpt to eval uate the polar integral

HS' n(x2+y?) dxdy = M sin(x2+y? dA = [“Jlsi n(r?)r dr de.
N 0 o

O course it helps to observe that we have 0 < x < (1 - y?) Y2

when 0 <y < 1. Thus, the region, R, may be realized as foll ows:
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3. (10 pts.) Wite down the triple iterated integral in
cartesi an coordi nates that would be used to eval uate

JH f(x,y, z) dv,

where f(x,y,z) =x +y and T is the regi on between the surfaces

z =2 - x>and z = x2 mﬁth 0 <y <3, but do not attenpt to

eval uate the triple iterated |ntegral you have obt ai ned.

[ Sket ching the trac in the coordinate planes m ght help.]
T [\:E=L-xk 7 AN

C Cyndan, ) AN | R

> 1>
* ~ l X

JHf(x,y,z) R\

[ xr e

r3(r1

= . - x+y dzdxdy, or
= Jsjixzx+y dz dy dx.

4. (10 pts.) Wite down the triple iterated integral in
cylindrical coordinates that provides the nunerical value of the
vol une of the region in 3-space bounded above by the spheri cal
surface x?> + y> + z2 = 2 and bel ow by the paraboloid z = x* + y?
but do not attenpt to evaluate the integral you obtain.

[ Converting the equations for the surfaces to cylindrical first
cuts down on the clutter??]

JH 1dv - J”Jlj(“z’“r dz dr de.
0 0 |r2

The the equations for the two surfaces in cylindrical coordinates
are r?2 + z2 =2 and z = r%2 The sphere with radius 2Y2? intersects
t he parabol oid when r = 1. The projection of the solid onto the
xy-plane is a disk. [Just solve the system You end up |ooking at
r* 4+ r2- 2 =0. Factor the varmnt, etc.]
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5. (10 pts.) Conmpute the surface area of the part of paraboloid
defined by z = 25 - x2 - y? that |ies above the xy-plane. [
course above neans z = 0.]

By using the definition, converting to polar coordinates at
an opportune tinme, and then using the u-substitution u = 4r2 + 1,
we have

ot Doz (aze 07 A/ N
SA D( )+( )+1DdA

Ik ovox) oy 0 _
= ((-2x)2+( -2y)2+1) Y2 dA
J R
- (4(x2+y?) +1) V2 dA ~

J R
: 'Z’T (4r2+1)¥2 r dr d@
0

0

érq;(4r2+1)”2rdr

101

7]” u¥2 du
1

101

T, 2,32 N 1 3l2_
7[(_gu )}1 _6((101) 1).

. (10 pts.) Wite down, but do not attenpt to evaluate the

riple iterated integral in spherical coordinates that provides
he volune of the solid T that is bounded above by the xy-pl ane
nd bel ow by the sphere defined by x? + y? + z? = 10.

H 1dv = JZ”J" J“‘”“pZSi n( ¢) dpdde.
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7. (10 pts. ) (a) If F(x,y) = <xy, x+ty > and Cis the curve
defined y = x?2with -1 < x <1, evaluate the following |line
integral. [Ootain r(t) first. FEquivalent integrals may sinplify
your life --- or not.]

LF~Tds [ F -dr = Jl F(t,t2) -r/(t)dt
-1
C

- 'l<t3, t +t2>-<1, 2t > dt
-1

- [* 3t + 2t2dt
-1

4
. 3
after setting r(t) =<1t, t2>for -1 <t < 1.

- [Yatzdt = ... =
-1

(b) Starting at the point (-1,0), a particle traverses the | ower
sem-circle of x2 + y2 =1 until it reaches the y-axis. Then it
noves vertically until it reaches the origin. Finally it returns
to its starting point by noving along the x-axis. Use Green’s
Theorem to conpute the work done on the particle by the force
field defined by F(x,y) = < -2y, 2x > for (x,y) in R%. [Draw a
picture. This is easy??]

The work done can be obtained from

W= § F-dr =HR %(2x) - _37(—2y) dA=4JL1dA=4(7T[[) - T

since Ris one-fourth of the unit circle pie:

8. (10 pts.) Let F(x,y,z) = <x? -2, xyz> Conpute the
di vergence and the curl of the vector field F

(a) divfF =0 -F = 9 (x2)+_gy(—2)+_gi(xyz) = 2x -+ xy.

X
jk‘
e - aaa‘
(by Y | 9x 9y 0z

X? -2 Xxyz

.
|
|
< xz,-(yz),0 >
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9. (10 pts.) (a) Show that the vector field
F(x,y) = < 2xeY, x%¥ >

is actually a gradient field by producing a function ¢(x,y) such
that [ (x,y) = F(x,y) for all (x,y) in the plane.

Evi dently evy) = 2xeV =.gi(x2ey) for each (x,y) OR?2 Then

d
HV(ZX
0Q - _ ~ 2
Tﬁ?(x’y) 2xeY 0o (x,Y) J 2xeY dx = x2%eY + c(y),
Ther ef or e,
_ 00 _a dc dc _ _
2ay = — 2ay = =
xX<e —aV(X,Y) —av(x € ) + ay(y) D ay(y) O D C(y) CO!
for some nunmber c,. Hence, @(x,y) = x%¥ + c,.
(b) Using the Fundanental Theorem of Line Integrals, evaluate

the follow ng integral
By using part (a) of this problem
J(L“ 2xevYdx + x2evdy = (xZ2eY) ChY (-1)2%?! - (0)%° = e.
(0,0 (0,0)

10. (10 pts.) Use the substitution u = xy and v = y/x to conpute
the area of the region Rin the first quadrant bounded by the
lines defined by y = x and y = 2x, and the hyperbol as defi ned by
xy = 1 and xy = 2. Thus, evaluate the follow ng integral by doing
t he suggested substitution. // Keep in mnd the substitution
defines T

Jlexdy - JL1~6(X'¥) | dA,, where S = [1,2]x[1,2] in the uv-pl ane,

a(u, V)
_ 202 1 _ 172 _ —
LL odvdu ’ZLl n(2)du = In(y2).
The u, v bounding curves turn out to be sinple constants:
u=1 u=2, v =1 and v = 2. Athough the x,y region is
painful to draw, the inverse image of R, S, is not. (Observe that

x >0andy >0is equivalent tou >0 and v > 0. You may t hen
solve for x and y in ternms of u and v to obtain x = u¥2v'¥2 and
y = u¥2y¥2 [There are several ways to do this.] Conputing
0(x,y)/0o(u,v) then is routine. You could also have obtained
o(x,y)/d(u,v) by computing d(u,v)/d(x,y) and using the relation,
o(x,y)/o(u,v)o(u,v)/o(x,y) =1. It turns out that it is easy to
see that d(u,v)/d(x,y) = 2y/x here. So d(x,y)/d(u,v) = 1/2v.

Silly 10 Poi nt Bonus: What ' s the nunmerical value of the
foll owi ng double integral, where Ris the first quadrant.

([ etan

[ Wher e? You don’t have room here to reveal the needed details.]



