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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conputations. Wite using
conpl ete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Ceneric

vector objects nust be denoted by using arrows. Since the answer
really consists of all the magic transformations, do not "box"
your final results. Show ne all the magic on the page neatly.

1. (10 pts.) Convert the given iterated integral into an
iterated integral in polar coordinates that has the same
numerical value and is easier to evaluate, perhaps. Do not

attenpt to evaluate the polar integral. A picture m ght help.
JOJO e(*¥9) dydx = J3W2j4rer2drd6.
-4]-(16 - x) 12 n 0
¥ A
3 >

— R X

o
Y = ~\te—%r>

2. (10 pts.) Wite down, but do not attenpt to evaluate the
triple iterated integral in spherical coordinates that provides
the volune of the solid T that is bounded above by the sphere
defined by x? + y? + z?2 = 100 and bel ow by the cone defined by

7 = (X2 + y2)1/2_

”L 1dv = J;”L’“J:O p?si ng dpded®.

\Q:lo <\ﬁ::ll
[
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3. (10 pts.)
Let F(x,y,z) = <xy? yz? zx?>. Conpute the divergence and the
curl of the vector field F

i - . - 0 2 0 2 0 2 - 2 2 2
(a) div F O -F .ay(xy )+By(yz )+Bi(zx ) y2 +z2 + X2

(b)
ALY
curl F = ‘ 5; -g; 7%7‘

Xy? yz? zx?

< (2 - T (y2?) (Je(2x?) - D (xyD) Dyzd) - (xy?) >

< -2yz, -2Xz, -2Xy >.

4. (10 pts.) Conpute the surface area of the part of the graph
of the surface defined by z = x + y? that |ies above the triangle
in the xy-plane given by the pairs (x,y) that satisfy 0 < x <1
and x £y < 1. [O course above neans z = 0. One order of
integration may be easier than the other.]

o Doz, (azy2, E° 1 A
- | Howl - fay) - 2f
= [[ ((nz(2y) 1) v dA

IR

= [[ (2+4y?)¥2 dA X
R

- 'T (2+4y?) Y2 dydx HARD! !

N.O X
- lJy(2+4y2)1’2 dxdy Easier...
_0 0

= [ y(2-4y9) 2 dy

= (% u2.1l
u .8du

2
- 1,2 3y8 - 1 32 _ 3/2
(U918 = S((8)¥2 - (27,
Obvi ously, we used the u-substitution u = 2 + 4y? above. The
hard route | eads tangentially to an ugly sec® integration if done
correctly.
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5. (10 pts.) Wite down a triple iterated integral in cartesian
coordi nates that would be used to eval uate

HLf(x,y,z) dv |

where f(Xx,y,z) = x +y and T is the region contained between the
two paraboloids z =2 - x? - y> and z = x> + y?> , but do not
attenpt to evaluate the triple iterated integral you have

obtai ned. [Sketching the traces in the coordi nate planes m ght
help. Determning the projection of the intersection of the two
surfaces on the xy-plane is essential.]

HLf(X’y,Z) dv = JlJ(“Z)UZJZXZyz X +y dzdydx

“1|-(1-x?)v2|x2+y?

[P ke y azaxay.

,1 ,(1,y2)1/2 X2+y2

There are two obvi ous and easy natural
orders of integration for this varm nt since
the projection on the xy-plane of the two
surfaces is the unit circle centered at the
origin. O course you mght try producing the
other iterated integral.

6. (10 pts.) Wite down the triple iterated integral in
cylindrical coordinates that provides the nunerical value of the
vol une of the region in 3-space bounded above and bel ow by the
spherical surface r? + z2 = 36 and laterally by the cylinder

r = 2-sin(B), but do not attenpt to evaluate the integral you
obt ai n.

”lev - J"r“”(e) J“‘“Z)“ r dzdr de.
o Jo ~(36-r2)vz

rr=2-sin(@) < r2=2r-sin(0)
= XZ+y?=2y
= x?+(y-1)%=1.

By sketching the rectangul ar
auxiliary r@-graph, you can see
that the circle is traced out as 9
runs fromO to Tt
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7. (10 pts.) Let

F(x,y)=< vy, X >

Xx2+y? ' xZ+y?
for (x,y) # (0,0). (a) Fix €¢ >0. |If Cis the path traced out by
t he vector-valued function r(t) = <ecos(t),esin(t)> t O[O0, 2m
in the positive direction, evaluate the path integral,
L 2—y2 dx + 2x dy = Jﬂf(—esin(t))(—esin(t))+(epos(t))(scos(t)) dt
X2+y X2+y 0 (ecos(t))?+(esin(t))?

2m

=J 1dt =27

0
after the usual pythagorean noi se.

(b) Explain briefly why your conputation in part (a)
denonstrates that F is not a conservative field on the plane with
the origin, (0,0), renoved.

Were F a conservative field on the plane with the origin,
(0,0), renoved, we would have had [ (x,y) = F(x,y) for sone
function @(x,y) defined for all (x,y) in the plane with the
origin removed. It would then follow fromthe Fundanenta
Theorem of Path integrals that the path integral woul d have been
zero since the path begins and ends at the sanme point in the
plane. Cearly, this is not so, though.

8. (10 pts.) Starting at the point (0,0), a particle goes al ong

the x-axis until it reaches the point (4,0). It then goes from
(4,0) to (0,4) along a straight line. Finally the particle
returns to the origin by travelling along the y-axis. Use

Green’s Theoremto conpute the work done on the particle by the
force field defined by F(x,y) = < -5y, 5x > for (x,y) € R2
[Draw a picture. This is easy??]

Y Y= X W= § F-dr = § -5y dx - 5x dy

C

jL %(smc - ?Ty(—Sy) dA

10”; 1 dA = 10-Area(R) = 80,

W

4 N O course, if you forgot the
formula for the area of a right
triangle, you could turn the
doubl e integral into an iterated
i ntegral or two, thus:

”R 1 dA = H“ 1 dydx = r 4-x dx = (4x-X") 4 = 8.
oo 0 2
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9. (10 pts.) (a) Show that the vector field
F(Xx,y) = < 2xeY, x2%eY+2y >

is actually a gradient field by producing a function ¢(x,y) such
that [ (x,y) = F(x,y) for all (x,y) in the plane.

Evi dent | y %(2er) - 2xeV = %(xzey +2y) for each (x,y) O R

Then

O(p _ _ _y2

W(x,y) 2xeY O (X,Y) Jery dx = x%eY + c(y).
Ther ef or e,

x2eY + 2y = %p(x,y) = %(xzey) + g;(y) i g;(y) =2y

O c(y) =y? + ¢
for some nunber c,. Hence, @(x,y) = x%¥ +y? + c,.

(b) Using the Fundanental Theorem of Line Integrals, evaluate
the path integral below, where Cis any snooth path fromthe
originto the point (1,1). [WARNING You nust use the theorem
to get any credit here.]

1, 1)

L 2xevdx + (x2%eY+2y)dy = (x%* +y?) ( =e + 1.
(

0, 0)



TEST3/ MAC2313

Page 6 of 6

10. (10 pts.)

eval uate the integral

—_—
P v B
<
T
X
o
X
o
<
1l

Use the substitution u =
bel ow, where R i

y - xand v =y + x to
s the bound region

encl osed by the triangle with vertices at (0,0), (4,0), and
'Ly+diX,y
T u=y-x, v = y+X
T. x = (v-u)/2,
y = (utv)/2

Boundi ng Curves:

X =0 «<uUu=yvV
y =0 <u=-v
y =4 X =V =4
i [0)4 axi i 211 i
O(x,y) | OU OVII_ |2 2oy (1/2) (1 2)(12) = -1/2
m‘ayay“ll‘( ) (1/2) -(1/2)(1/2) :
| du ov| | Z 2 |
Silly 10 Poi nt Bonus: In Problem 7 you proved that the vector
field

- - X
F(X,y) - <X2+§2 ’ X2+y2>

is not conservative on the plane with the origin renoved. Despite

this,

fit here.

obtain two potenti al
pl ane consisting of LH={ (x,y) € R? :
hal f-plane RH = {
wi th which hal f-plane???
[It may be found in c3-t3-

functions for

e R : 0 < x}.
Say where your work is,
b. pdf. ]

(X,Y)

F on the | ower
y <0} and the right
VWhi ch potenti al
for

hal f -

goes
it won't



