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STUDENT #: EXAM #

Read Me First: Use correct notation when presenting your conputations.
Wite using conplete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Vector objects
must be denoted by using arrows. Since the answer really consists of al
the magi c incantations and transformations, do not "box" your final
results. Show ne all the magic on the page neatly.

1. (15 pts.) Evaluate the following line integral, where Cis the path
from(1,-1) to (1,1) along the curve x = y2 [Hnt: The field is not
conservative. The path is not closed. Paranmeterize Cfirst. A picture
m ght help -- or not.]

L(zxy)dxwx—y)dy -

2. (15 pts.) Convert the doubl e integral
JlJ‘(lXZ)uz COS( T[(X2 . yz)) dde _
-1]o 2

to an equivalent integral in polar coordinates, and then eval uate the
integral you obtain. A picture of the region helps.

[1J(1x2)1/2 COS( _;_[(XZ + y2)) dydx -

-1]0
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3. (15 pts.) A particle, starting at (0,0) noves to the point (0,1) along
the y-axis, goes to the point (-1,0) by traveling along the circle

X2 +y?2 =1, and then returns to (0,0) along the x-axis. Use Geen's
Theoremto conpute the work done on the particle by the force field

F(X,y) = < -y3! X3 >.

4. (15 pts.) otain an arc-length paraneterization for the curve

r(t) = < 4cos(t), 4sin(t), 3t >in terns of the initial point (-4, 0, 3m
Rat her than overloading the synbol r, wite this new paraneterization as
R(s). [If you nove along the curve using the paraneterization given by R
what’s your speed?
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5. (15 pts.)

Let f(x,y) = 3y? + 4x2
(a) Conpute the gradient of f at (1,-1). (b) Then use it to conpute
Df(1,-1), where u = < cos(51W6), sin(51W6) >is the unit vector that forns
an angle of 516 with respect to the positive x-axis. (c) Finally, obtain
a unit vector v, so that Df(1,-1) is a mninumas v is allowed to range
over all wunit vectors in the plane.

Of(x,y) =
of(1,-1) =
u =
Df(1,-1) =
Vo =

6. (15 pts.) Wite down but do not attenpt to evaluate the iterated
triple integrals in (a) rectangular, (b) cylindrical, and (c) spherical
coordi nates that would be used to conpute the vol une encl osed between the
xy-pl ane and the upper half of the sphere defined by x? + y? + z2 = (10)? in
the first octant. This neans the solid is bounded by the three coordinate
pl anes as well as the sphere. [ Upper neans z = 0. ]

(a) V =

(by VvV =

(c) V =
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7. (15 pts.) Det erm ne the maxi num and m ni num val ues of
f(x,y) = 2xy and where they are obtained when (x,y) lies in the closed disk
defined by x? + y> < 1. Analyze f on the boundary by using Lagrange

Mul tipliers.

8. (15 pts.) (a) (12 pts.) Conpute the unit vectors T(t) and N(t) and
the curvature k(t) for the helix defined by

r(t) = < 12-cos(t), 5t, 12-sin(t)>.

(b) (3 pts.) Locate the center C(Xq, Yo, 2Z,) Of the circle of curvature when
t =1
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9. (15 pts.) btain a set of paranetric equations for the line through
the point (0, O, 0) that is perpendicular to the plane that contains the

three points (1,0,0), (0,2,0), and (0,3,0). Then |locate the point in 3-

space where the line intersects the plane.

10. (15 pts.) Locate and classify the critical points of the function
f(x,y) = xy? - y? - 8x% Use the second partials test in making your

classification. (Fill in the table below after you locate all the critical
points. It always helps to factor. How does a product equal zero??)
Crit.pPt. |f,, @cp f,, @cp foy @cCp A @cp Concl u-

si on
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11. (10 pts.) Let F(x,y) = <6x + 1, 4y + 1 >,
(a) Show that the field is conservative by producing a potential function
o(x,y) so that @ (x,y) = F(x,y) for all (x,y) in the plane.

(b) Wrking within the influence of the force field frompart (a),
you nove a particle along an ellipse C given by

r(t) = < ( 3cos(t), 4sin(t) >

fromtime t, = W2 to tine t, = . How nuch work did you do??

12. (10 pts.)
Let F(x,y,z) = < 0, e¥cos(z), e¥sin(z) >  Conpute the divergence
and the curl of the vector field F.

(a) div F =

(b) curl F =
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13. (10 pts.) (a) Qotain an equation for the plane that is tangent to the
surface defined by the equation 4x? + y? - 3z2 = 2 at the point (1, 1, -1).

(b) Does the plane that is tangent at (1, 1, -1) to the surface defined by
4x? + y? - 3z2 = 2 intersect the yz-plane? If the answer is "yes", obtain a
set of paranetric equations in 3-space for the line of intersection.

14. (10 pts.) Conpute the follow ng surface integral, where Sis the
portion of the plane x +y + z =1 lying over the first quadrant.

JLZ ds -
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15. (10 pts.) Let R be the triangular region enclosed by the |ines
y =0, y =%, and x +y = 1. Use a suitable transformation to conpute the
follow ng integral:

oo

<

Silly 20 Point Bonus: Let
= _y X
F(x,Yy) <x2+y2’ x2+y2>
for (x,y) # (0,0). You can easily verify that

0 -y _ 0 X

W{xhyz } W{x%yz}
for (x,y) # (0,0). You can also see that if ¢(x,y) = tan‘(y/x), then for
x >0, @ (x,y) = F(x,y). (a) Despite all this noise, prove that F is not
a conservative field on the plane with the origin, (0,0), renmoved. (b)

Al so, prove that F is conservative on the upper half plane consisting of
t he set

U={ (x,y)e BR: y >0}

by obtaining a potential for F on this set. (c) It turns out that as |ong
as you restrict (x,y) to any disk D that does not contain the point (0,0)
the field F has a potential function @(x,y). Gve an explicit fornula for
@ when this is the case.

[ Moral : Where you play matters.] Say Where your work is, for it won't fit
her e.



