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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conputations. Wite using
conpl ete sentences. Renenber this: "=" denotes "equals" , "O"
denotes "inplies" , and "<" denotes "is equivalent to". Vector

obj ects nmust be denoted by using arrows. Since a correct answer
really consists of all the magic transformations, do not "box"
your final results. Show ne all the magic on the page clearly.

1. (10 pts.) Suppose that an object is noving in a fixed
plane with its acceleration given by a(t) = <0,-32>  Suppose
that the initial position of the object is r(0) = <0,1> and the
initial velocity of the object is v(0) = < 2, 2>

(a) (6 pts.) Find the velocity of the object, v(t), as a

function of time.// It follows easily fromthe vector-val ued
version of the Fundanental Theorem of Cal cul us that

v(t) = Jot a(u) du - <2, 2>
- Jt <0, 32> du + <2, 2> = <0, -32t> + <2, 2> = <2, 2 - 32t>.
0

(b) (2 pts.) Find the position of the object, r(t), as a
function of time.// Simlarly,

r(t) = Jt v(u) du + <0, 1>
0
- L: <2.2 - 32u>du + <0, 1> = <2t 2t -16t 2> + <0, 1>

<2t, 1 + 2t - 16t 2>,

(c) (2 pts.) otain an equation for the parabola that is the
path of the object.

/1 An equival ent set of paranetric equations for r(t) is

Xx =2t andy =1 + 2t - 16t2 Solving for t in the "x" equation
and substituting the result into the equation for "y" provides us
withy =1+ x - 4x2 an equation for the parabol a.

2. (10 pts.) ot ain an equation for the plane that

contains the points (1,0,0), (1,-2,0), and (1,-2,3).

Qur main job is to build a normal vector for the plane. To
this end, set A=(1,0,0), B=(1,-2,0), and C = (1,-2,3). Then
build a couple of non-parallel vectors in the plane by letting

AB =<0,-2,0> and AC = <0, -2, 3>.
A nonzero vector perpendicular to these two is given by
A=ABx AC=<0,-2,0>x<0,-2,3>=<-6,0,0>.

Consequently, an equation for the plane is sinply -6(x - 1) = 0,
or x = 1.
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3. (10 pts.) Let r(t) = < 3cos(t) , 3sin(t), 4t > for teR.
Then

(a) r'(t) = < (-3)sin(t) , (3) cos(t), 4 > :
(b) r"(t) = < (-3)cos(t) , (-3)sin(t), 0> ,
(¢) T(t) = < -(3/5)sin(t) , (3/5)cos(t), 4/5 > |
(d) N(t) = < -cos(t) , -sin(t), 0 > . and
(e) «k(t) = LTty 1D or(t) | =325 .

4. (10 pts.) (a) Determne the radius and the center of

t he sphere defined by the foll ow ng equation:
x? + y2 + z2 4+ 8x - 6y + 10z =0
Compl eting the square thrice yields
(x +4)2+ (y - 3)2+ (z +5)? =50.
Thus, the center is (-4,3,-5) and the radius is 50Y% = 5(2V?),

(b) What is the paraneter t, of the point on the |ine defined by
the vector equation < x, y, z >=1t<1, 1, 1> that is nearest to
the point (1,3,2)7

The distance fromthe point (1,3,2) to the point on the line with
parameter t is given by the length of the vector function

v(t) =<t -1, t-3 t-2>

built using <1,3,2> as the initial point and taking as the
termnal point the point on the line with paranmeter value t.

The distance is shortest for t, where v(t,) is perpendicular to
the direction vector for the line <1,1,1>  Thus we want the t,
satisfying v(t,) '<1,1,1> = 0. Conputing this dot product and
solving for t, in the little linear equation that results yields
t, = 2.

This part of Problem 4 may al so be done with el enentary Cal cul us
| techni ques.
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5. (10 pts.) otain an arc-length paraneterization for the
curve r(t) = < 3t, cos(t), sin(t) >in ternms of the initial point
(0, 1, 0). Rather than overloading the synbol r, wite this new
paraneterization as R(s). How are R and r rel ated?

First, since r(0) =<0, 1, 0> the (signed) distance al ong
the curve fromthe point given by r(0) on the graph to that given
by r(t) is

s =0(t) = [ Ir/(u | du
- ; <3, -sin(u), cos(u)>| du
. Jt 10Y2 du = 10Y¥2(t - 0) = 10Y2t.
0

Solving for t in terms of s yields
t =10%Y%s sothat ¢ (t) = 102,
Thus,
R(s)

r(¢*(s)) =r(10%2s)

_ 3 s . S
=< W_ZS , COS(W) , Si n(w) >,

Evidently, R(s) =r(¢%(s)), or equivalently, r(t) = R($(t)).

6. (10 pts.) obtain paranmetric equations for the |ine of
intersection of the two planes defined by x + 3y - 6z = 10 and
y + 2z = 5.

10
5

X +3y -6z
0
0 y +22

is equivalent to

X -5+12z
E y = 5-2z.

Thi s was obtai ned by doing standard "row' or "equation"
operations. A set of paranetric equations:

X = -5+12t
Eb==5—2t

0

z =t , t OR

Kindly note that there are several legitimate ways to reach a
correct systemof paranmetric equations, and there are infinitely
many such systens. You can check by substitution into the
equations for the planes.



TEST1/ MAC2313 Page 4 of 5

7. (10 pts.) A particle noves snoothly in such a way that at a

particular time t = 0, we have r(0) =<1, 0>, v(0) =<1, 1>

ang)a(?% =<2, -1> If we wite a(0) in ternms of T(0) and

N : en

( a(0) = a((0)T(0) + ay(0)N(0),

wher e

(a) T(0) = <715715> ,

(b) a(0) = - ,
V2
3

(c) ay0) = = , and
V2

(d) NO) = <7157;>

N

(e) Consequently, an equation for the circle of curvature is
2
=3) - ly-

gi ven by:
2
@) =3
To obtain this, you need both
K(0) = 2, and C(0) =r(0) +~p(0)N(0) =<3, 2>

2/ 2

8. (10 pts.) (a) Describe the graph of the equation
r = 10cos(0) + 6sin(0)

as precisely as possible. [W are playing in the cylindrical
world, not nerely on a polar ice floe.] You may wi sh to convert
this equation to an equival ent rectangul ar equation to do this.

r = 10cos(06) + 6sin(B) O r2=10rcos(6) + 6rsin(0)
0 x2 +y2?2=10x + 6y
O (x -5)2+(y -3)2=34.

Thus, we can see easily that the graph of the equation above is
that of a cylinder with axis of symetry given by the line in 3-
space with paranetric equations x =5, y =3, and z =t. Slicing
the cylinder with any of the planes z = z, results in a circle
with radi us 34Y2,

(b) What are the precise spherical coordinates of the point in
3-space with rectangul ar coordinates (x, y, z) = (-1, -2, -1)?
In doing this, ensure that 0 < 8 < 2. [Hnt: You will have to
express your answer using your friends, cos! and tan® The
angl es are rude today and not given to pi-ous niceties.]

(p, @ ©) =( (6)Y2 cos(-1/(6)Y?, tan'}(2) + m).
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(10 pts.) (a) Find the direction angles of the vector
=< -1, 3, -2 >

<o

o = cos’l(’—ﬁlzl), B = cos’l(ﬁ), and y = cos’1<’—ﬁ24).

(b) What is the angle 6 between the two vectors v, frompart (a)
above, and w = <1,2,1> ?

0 = cos’l( ‘:"‘:,’O = cos’l(%) = cos’l( JF)

10. (10 pts.) Do the three 2-space sketches of the traces
in each of the coordinate planes of the surface defined by
z = 1- x%- y% Wrk below and | abel very carefully. Then on

the back of Page 4 attenpt to do a 3 - space sketch in the plane
of the surface.

£ (X:O)

Silly 10 Poi nt Bonus: Pl ai nly,
E X = 3 + cos(t)
oy = -4 +sin(t), t O[O0, 2]

and

{ arccos(x-3) =t :
y = -4 + sin(arccos(x-3))

are not equivalent. How nust the second paraneterization be
altered so as to yield the sane curve as that defined by the
first paraneterization?? [Say where your work is, for it won't
fit here.]



