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Read Me First: Show al | essential work very neatly. Use correct notation when presenting your
conmputations. Wite using conplete sentences. .... Vector objects nust be denoted by using arrows. Do not
"box" your final results. Show nme all the magic on the page.

1. (10 pts.) (a) If f(x,y) is a function of two vari abl es,
using a conpl ete sentence and appropriate notation, state the
definition of the partial derivative of f with respect to vy.
/1 The partial derivative of f with respect toy is the
function f (x,y) defined by

f (X, y) :L[?f(x,y+k&4(x,w

where the limt exists. [/

(b) Let f(x,y) = x?y? - 2y. Using only the definition, reveal
all the details of the conputation of f (x,vy).

im0 YyHK) T (X y)
f,(x,y) Ltg1 .

- 1im [Xx2(y~+k)2-2(y k)] -[ x%y?-2y]
k-0 K

— |im [X%y?r2x2Ky ~k?x2-2y -2K] -[ X%y ?-2y]
k-0 K

— i m 2x°kyrk2x?-2k
k-0 K

= Lin1(2x2y + kx?2 - 2)
-0

= 2X?%y - 2.

2. (10 pts.) Let f(x,y) = sin(2x+3y). (a) Conpute the total
differential, df, of the function f.

df = f,(x,y)dx «f (x,y)dy = 2cos(2x+3y) dx + 3cos(2x+3y) dy.

(b) Use a linear approxinmation to approxi mate the nunerical
value of f(.1,-.1) when f is the function of part (a) of this
pr obl em
/1 First observe that 2(.1)+3(-.1) = -.1 which is "near" 0,
where we know sin(0) = 0. Consequently, there are a coupl e of
nat ural choices for (X Yo)-

One possibility is (Xq, Y9 = (0,0). Then |et
(Xo + X, yo + 4Ay) = (.1,-.1) so that Ax = .1 and Ay = -. 1.
Consequent |y,

f(.1,-.1) = f(Xe+tAX, yo+tlAy) = f(Xo Yo) + Fu(Xo, Yo) DX + f(Xq, Yo) Ay
0O+ (2)(.1) +(3)(-.2) =-.1.

A second reasonable choice is (XgVYe) = (.3,-.2). Then
f(.3,-.2) =sin(2(.3) + 3(-.2)) =sin(0) = 0. Again let
(Xo + AX, yo + 4Ay) = (.1,-.1) so that Ax = -.2 and Ay = . 1.
Consequently, as before,

f(.1,-.1) =0+ (2)(-.2) + (3)(.1) =-.1
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3. (10 pts.) (a) Suppose that x = h(y,z) satisfies the
equation F(x,y,z) =0, and that F, # 0. Show how to conpute
ox/dy in ternms of the partial derivatives of F.

Il We'll wite this twice, just for the fun of it. First, using
classical curly d notation, since y and z are independent
variables and x is a function of y and z, we have

0 - OF(x,y,z) _ OFdx , dFdy . OF o0z 0 - oF ox . OF

a—ayia':/(;—d?—fﬁ I I oxdy gy
X - _ y
. ay OF 0x

Second, if we use subscript notation for the partial derivatives,
we may set g(y,z) = F(h(y,z),y,z). Then since 0z/0dy = 0,

0 =g9,(y,z) = K(h(y,2),y,2z)h,(y,z) + F(h(y,2),Y,2),

i npl ying ax/dy = h(y,z) = -F(h(y,z),y,z)/F(h(y,z),y,2).
5 tan(m(x2-y?))
(b) |s f defined by f(X,y) = E 2(X2+y2) ’ (X,Y)i(O,O)

0 Tt , (x,y¥)=(0,0)

continuous at (0,0)? A conplete explanation is required.
Details & definitions are at the heart of it.
/1l Since f(0,0) = m and

tan(m(x?-y?))

lim f(x, = [im
(x,y) ~(0,0) (x.y) (x,y) - (0,0) 2(x§+y2)
_ |in1tan(rw )
r - 0r 2r?
(Ljﬁ | i m2Tr sec’(mr?) _ m
r - 0° 4y

by using L'’ Hopital’s rule after doing a conversion to polar
coordinates, f is not continuous at (0,0).

4. (10 pts.) (a)Consider the function f of three variables
defined by f(x,y,z) = 5x? + 6y? - 4z2. (Obtain an equation for the
| evel surface for this function that passes through the point
(1,-1, -1) in the 3 - space.

The level is sinply the function value. 1In this case, that turns
out to be f(1,-1,-1) = 7. Thus, the level surface through the
point (1,-1,-1) is the set of ordered triples satisfying

f(x,y,z) =7 , or nore precisely, the set of ordered triples
satisfying 5x? + 6y? - 4z2 = 7,

(b) Obtain an equation for the plane that is tangent to the
| evel surface given in part (a) with the point of tangency being
(1,-1, -1).

The gradient of f at (1,-1,-1) is perpendicular to the surface
and the tangent plane. Now Of (x,y,z) = <10x, 12y, -8z>. Thus, we
have Og(-1,1,-1) = <10,-12,8>. An equation for the tangent plane
we want is given by 10(x - 1) - 12(y + 1) + 8(z + 1) = 0.// This
probl em may al so be done by two ot her neans!!
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5. (10 pts.) (a) Using conplete sentences and appropriate
notation, give the ¢ - & definition for

(*) lim f(x,y) =L

(x,y) - (a,b)

W say that the limt of f(x,y) is L as (x,y) approaches (a,b)
and wite (*) if L is a nunber such that, for each € > 0, there
is a nunber 8 > 0 with the follow ng property: if (x,y) is in the
domain of f with 0 < ((x-a)2 + (y-b)?)¥2 < 3, then it nust follow
that |[f(x,y) - L| < .

(b) In the exanpl e where Edwards and Penney were show ng that
lim xy =ab
(x,y) ~(a,b)

they asserted that if they took f(x,y

) = x and g(x,y) =y, then
it followed fromthe definition of limt t

hat
(i) lim f(x,y) =a and (ii) lim g(x,y) =b.
(x,y) - (a,b) (x,y) - (a,b)

Choose one of equations (i) or (ii), indicate to ne which you
have chosen, and then prove the equation is true using the ¢-90
definition.

We shall show (ii). The proof of (i) is simlar. Thus, |et
€ >0 be arbitrary. Now choose any 6 > 0 with 0 < & W shal
now verify that this 6 does the dastardly deed. To this end,
pretend that (x,y) be any pair of real nunbers for which we have
0 < ((x-a)?2 + (y-b)?)¥2 < 3. It then follows that

ly - bl = ((y-b)?*?
((x-a)2 + (y-b)»)¥2 < & < e/l

lg(x,y) - bl

IN

6. (10 pts.) Let f(x,y) =tan(3x + 4y) and let P, = (0,0).
(a) Find a unit vector in the direction in which f(x,y)
i ncreases nost rapidly at P,.

Since [Of(x,Yy) =< 3sec?(3x+4y), 4sec?(3x-+4y) >, the unit
vector we want is the one in the sane direction as that of the
vector [f(0,0) =(3, 4). Thus we want the unit vector

_/ 3 4
a2 4
(b) Conpute the rate of change of f(x,y) at P, in the direction
in which f(x,y) decreases nost rapidly.

Since [Of(0,0) =(3, 4, the rate we want is

-|0f(0,0) | = -[(3, 4)] =-5.
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7. (10 pts.) Qotain and |ocate the absolute extrema of the
function f(x,y) = x - y on the closed disk Dwth radius five

centered at the origin.

notation as foll ows:

perform ng this magic,

D={ (x,y)

behavi or of f on the boundary,

poi nt s.
boundary,
since f

and yes,

regi on of the plane.
Set g(x,y) = x? + y? - 25,

g(x,y) =
(X,y)

snoot h enough to satisfy the hypotheses of the Lagrange
if a constrained |ocal

Mul tiplier Theorem

at (x,y),
Of (X, y)

= A0g(x,y)

and A is zero and x

magi c.

5( 2) 1/2’
_ 5( 2) 1/2’

Thus,
there is a nunber A so that [Of (x,Yy)
= A<2x,2y> 0O

<1,

-1 >

_ B={ (xY)
/1 Since f (x,y) =1 and f,(x,y)
This neans that all

:-1,

Then (x,vy)

2y>,

In

bserve that Dis given in set builder
x? + y? < 25 }.
use Lagrange multipliers to dea

with the

x? + y? = 25 }.

f has no critical

the extrema are | ocated on the

there are both flavors of extrene present

is a continuous function defined on a closed and bounded

is on the circle
defined by x? + y? = 25 precisely when (x,y) satisfies

Since Og(x,y) = <2x,
is on the circle given by g(x,y) = 0.

Og(x,y) # <0, 0> when

Plainly f and g are

extrenmum occurs

= ANg(x,Y).
none of Xx, v,

Now

-y by performing a little routine al gebraic

and (-5/2%2 5/2Y2),

cylinder with a plane."]

Sol ving the system consisting of x? + y?2 = 25 and x
yi el ds (5/2Y2 -5/2Y2),
t he maxi num val ue,
t he m ni rum val ue,

at the first ordered pair,
at the second ordered pair.

=y

It turns out f is
and f is

["Slice a

8. (10 pts.) Locate and classify the critical
function f(x,y) = 8xy - 2x? - y4

in maki ng your classification.

you | ocate all
I Si nce
points of f are given by the solutions to the foll ow ng

critical
system

the critica

[Fill
poi nts. ]

poi nts of the

Use the second partials test

in the table below after

f.(x,y) =8y - 4x and f,(x,y) = 8x - 4y®*, the

8y - 4x = 0 and 8x - 4y3 = 0.

The systemis plainly equivalent to 2y - x = 0 and 2x - y® = 0.

Solving the systemyields three critical

poi nt s:

(0,0),

(4,2),

and (-4,-2). [It’'s easy. Just don't lose any via division!!]
CGit.pt. |f,, @c.p. |f,, @c.p. |f,, @C.p. |A @c.p. Concl u-
si on
(x,y) -4 -12y? 8 48y? - 64
Saddl e
(0,0 -4 0 8 -64 Poi nt
Rel ative
(4,2) -4 -48 8 128 Maxi mum
Rel ative
(-4,-2) -4 -48 8 128 Maxi mum
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9. (10 pts.) Let f(x,y) = sin(x)cos(y). Conpute the gradi ent
of f at (13, -2 3), and then use it to conpute DJf (1 3, -213),
where u is the unit vector in the sanme direction as v = <4, -3>.

Of (x,y) = <cos(x)cos(y), -sin(x)sin(y)>

Of (1¢ 3, -270 3) <cos(§)cos(—2”) -sin( Q) si n(—_237_T)>

<hHh B3>

__ 1 3
<z 77
1., _/4 3
U= gV <15’ 15>
i i i /.1 3\/4 3\ _ 13
D,f (103, -210 3) = Of (1 3, -217 3) -u <2r’ 7r><15’ 15> oo

10. (10 pts.) Recall that if f(x,y) has continuous second order
partial derivatives, then
0f
—ax—av(xay) - W(X y)
Does t here exist such a function f such that f,(x,y) = 2xy*® and

fo(x,y) = 3x%% + 1 ?2? |If the answer is "yes", obtain a fornula
for f. // Evidently

=6 3) — 2=a 2y 2 = 2
f (X, Y) .ay(2xy ) 6Xy 'HY(BX y?+1) =f,(x,y) for each (x,y) O R

Consequently, the answer here is "yes." [ The domain is actually
critical!! There will be nore about this later in the course.]
Clearly

_g;(x,y) =2xy® O f(x,y) = } 2xy 3 dx = x2y3 + c(y).
Ther ef or €,

3x2y2 + 1 = %(x,w - _37(x2y3) . ?T;(y) 0 ?T;(y) -1 0 c(y) =y - ¢

for some nunmber c,. Hence, f(x,y) = x%3 +y + c,.

Silly 10 Point Bonus: Do at nobst one of the follow ng problenms. |ndicate which unanbi guously and say where
your work is, for it won't fit here!

(a) Let g be defined by

O by
AXY(X2YD)  (x vy #(0.0

o(x,y) = 07 xZyZ (x,y)#(0, 0)
o o . (x,y)=(0,0).

Explicitly compute g,,(0,0) and g,(0,O0).

(b) Determne the absol ute extrema of the function f(x,y) = -y

subject to the points (x,y) lying on the curve defined by the
equation g(x,y) = 0 where g(x,y) =vy® - x% Quesses do not
suffice here!



