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Read Me First: Show al | essential work very neatly. Use correct notation when presenting your conputations. Wite
usi ng conplete sentences. Renmenber this: "=" denotes "equals" , "O" denotes "inplies" , and "=" denotes "is equivalent to".
Generic vector objects nust be denoted by using arrows. Since the answer really consists of all the magic transformations,
do not "box" your final results. Show nme all the magic on the page neatly.

1. (10 pts.)
Let F(x,y,z) = <xz?, yx? zy?>. Conpute the divergence and the curl of
the vector field F.

(2 divE =0F = 9 (xz9+9 (yx?) +9_(zy?
00X oy 0z
= 722 + X2 +y2
b
(b) | i j K |
e .0 8 |
| Xz? yx? zy?|
< 0 2y _ 0 2y 1 0 2y _ 0 2 0 2y _ 0 2
< gy (YD)~ (v L (2y7) - (X291 2 (yx?) - o (x2?) >
= < 2yz, 2Xz, 2xy >.
2. (10 pts.) Conpute the surface area of the part of the parabol oid

)
defined by z = 25 - x? - y? that |ies above the xy-plane. [ O course above
means z = 0. ]

A (Yy=2>

o Doz ez, L E°
SA D( )+( )+1DdA
I ovox/) oy 0

= ((-2x)2+( -2y)2+1) Y2 dA
J R
= (4x2+4y2+1) Y2 dA
IR

- ’OZ"JOS (1+4r2) Y2 r dr d@
- [° r(l+4r?)v2dr x JmTl de
0

0
_ - 101 v2. 1
ZHJ12 u .gdu
n 3/2y 101 _ T 32 _ 3/2
T2uwmy 1 = T((101)97 - (1)79).

Qbvi ously we have passed to polar coordi nates along the way and then used
the u-substitution u = 4r2 + 1 to acconplish our goal.
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3. (10 pts.) Wite down the triple iterated integral in cylindrical
coordi nates that provides the nunerical value of the volune of the region
in 3-space bounded above by the surface

z = (20 - r?) Y2 and bel ow by the paraboloid z = r? but do not attenpt to
eval uate the integral you obtain.

”L1dv _ ’Z"jzj(zo”’“ r dzdr de.

0

2

Jo

\ i
\ ( FNU cc‘f'lOn_)

N

7//7/1$x

By solving the systemconsisting of z = (20 - r?%¥2 and z = r? you can see
that the projection on the xy-plane is the circle r = 2.

4. (10 pts.) Wite down a triple iterated integral in cartesian
coordi nates that would be used to eval uate

HLf(x,y,z) dv

where f(x,y,z) = x> and T is the tetrahedron bounded by the coordi nate
pl anes and the part of the plane x + y + z =1 that lies in the first
octant, but do not attenpt to evaluate the triple iterated integral you

have obtai ned. [Sketching the traces in the coordinate planes will help.]
1 loxlox- T y=0)
_ 1¢l-xpl-x-y 2
HLf(x,y,z) dv = lolo o> dz dy dx 2= (o
- ["["7[" Y x2 dzdxdy X
JoJo Jo q}
rlpl-xpl-x-z \ ('x__—_o)
= 2
Jolo o x2 dy dz dx }\‘1=‘~Y
- ["["[" " x2 dydxdz 7 -
ojo Jo ! N
_ *Ol ‘Olfy ‘Olfy*z X2 dXdZdy 7 (2=0)
ripl-zpl-y-z b \I ‘
= x2 dxdydz \ |
Jojo ]o \ X

Trifectal! The tetrahedron is x-, y-, and z-sinple.
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5. (10 pts.) Wite down, but do not attenpt to evaluate the triple
iterated integral in spherical coordinates that provides the volune of the
solid T that is bounded above by the cone

@ = 314 and bel ow by the sphere defined by p = 9.

[[[rav = |75, psine dedede.

0

6. (10 pts.) Convert the given iterated integral into an iterated
integral in polar coordinates that has the sanme nunerical value and is
easier to evaluate, perhaps. Do not attenpt to evaluate the polar
integral. A picture mght help.

JZJMXZ)M (x2+y?)3¥2 dydx = JO"IZJZ (r2)%2r drde.

00 0
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7. (10 pts.) Conpute the value of the followwng line integral, where Cis
the path in the xy-plane fromthe point (-1,-1) to the point (1,1) along
the curve y = x*

The ogre’s paraneterization for the curve, in the correct direction,
ven in a vector formby r(t) = <t,t% for t € [-1,1]. Consequently,

is gi
'(t) =<1, 5t* > and thus,

g
r'(t

[ (yox) dx« (yx?) dy = [, (50 (1) = (toa (59 de

1
=J t5 -t + 5t12dt
-1

Lo . 10
10J0t dt = .

How did OgreQgre know that a paraneterization is needed?? First, the
diffential formis NOT EXACT. [Go check this, Frodo.] This neans that the
Fundanment al Theorem of Line Integrals CANNOTI BE USED. Second, the curve is
NOT CLOSED, although the curve is sinple. As a consequence, Geen’s
Theorem CANNOT BE USED. This neans finally, you are stuck with the
"definition." A nice, easy paraneterization is a nust. This is actually
an easy path integral, oddly. O was it evenly????? [O. O wused both!!]

8. (10 pts.) Starting at the point (0,0), a particle goes along the x-

axis until it reaches the point (4,0). It then goes from(4,0) to (0O, 4)
along the circle with equation x? + y> = 16. Finally the particle returns
to the origin by travelling along the y-axis. Use G een’s Theoremto

conpute the work done on the particle by the force field defined by
F(x,y) = < -5y, 5x > for (x,y) € R [Draw a picture. This is easy??]

W= f F-dr = f -5y dx + 5x dy
C C

JL 2.(5%) - %(—Sy) dA

10JL1 dA = 10-Area(R) = 40T

| f need be, you can conpute the area of Rvia a variety of integrals. You
can actually make this a difficult problem at the end, if you don't pay
attention.
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9. (10 pts.) (a) Show that the vector field
F(x,y) = <cos(x)eY + 10x, sin(x)eY >

is actually a gradient field by producing a function ¢(x,y) such that
@ (x,y) = F(x,y) for all (x,y) in the plane.

Evi dently
y = y = i y 2
Ty(cos(x)e +1OX) cos(x)e TX(SI ||(x)e ) for each (X,y) R2.

Then
_g%p(x,y) =cos(x)eY+10x O (x,y) = J cos(x)eY+10x dx
=sin(x)eY + 5x2 + c(y).
Ther ef or e,

. _ a(p - a . " 2 " dC dC —
sin(x)eY EV(X’y) -HY(SIH(X)Gy 5x?) -HY(Y) 0 -ay(y) 0

O c(y) =¢,
for some number c,. Hence, @(x,y) = sin(x)eY + 5x? + c,.

(b) Using the Fundanmental Theorem of Line Integrals, evaluate the path
integral below, where Cis any snmooth path fromthe origin to the point
(r2,In(2)). [WARNING You nust use the theoremto get any credit here.]

L(cos(x)ey +10x) dx + (sin(x)eY) dy = @(x,y) |55 @

=o(1w2,1n(2)) - ¢0,0)
= sin(1W2)e' "2 + 5(172)2

_ 518
2 + 7
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10.
t he integral

(10 pts.)

Use the substitution u =
bel ow, where R is the bound region enclosed by the triangle

X +yand v =

X - y to evaluate

with vertices at (0,0), (2,2), and (0, 4).
LLXZ——ydedy = 'sz——yZdAX,y
- [ o(x,y)
I sroy | dA
_ r4r0 1
.O.ﬂuv \ > - dvdu
_ 1'4 0
7o U[JIJV dv}du
_ 14 _usd o Uty s L 4t L
7|0 7 WV = (gg) o= g5 = 716
v
N TYh u = x+y, v = X-y
=0
\\\\ > U T: x = (u+v)/ 2,
G y = (u-v)/2
-4t \Q\\ Boundi ng Curves:
y = X Vv =0
x =0 =V = -U
y =4- X <uU-=4
i ()4 axi i 1 1 i
O(x,y) | O OV 22 g oy (11 2) (1 2)(12) = -1/2
m‘ayay“l_l‘()( ) -(1/2) (1/ 2) :
| du av| | Z Z |
Silly 10 Poi nt Bonus: Reveal how one can obtain the exact value of the

definite integral

where R = { (X,y):

[[e on

Xx >20andy >0},

anti-derivative for the function

Say where your work is,
details related to the matter of convergence.]

t echni ca

f(x) = e™.
for it won't fit herel

even though there is no el enentary

[ You may gl oss sone of the



