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Read Me First: Show al | essential work very neatly. Use correct notation when presenting your conputations. Wite
usi ng conplete sentences. Renmenber this: "=" denotes "equals" , "O" denotes "inplies" , and "=" denotes "is equivalent to".
Generic vector objects nust be denoted by using arrows. Since the answer really consists of all the magic transformations,
do not "box" your final results. Show nme all the magic on the page neatly.

1. (10 pts.)
Let F(x,y,z) = <x? -2, yz>  Conpute the divergence and the curl of
the vector field F.

(2 divk =0 -F = 9 (x2) + 0 (-2)+ 0 (yz)
X ay 0z
= 2X +Y.
(b) o
IR
0 o0 0
curl F = OxF :"ﬁi 3y B?‘
‘ X% -2 yz
_ 0 0, ¢ 0 0 /2 0, o _ 0 ,/y2
<y (YD) gz (D L g (y2) - (O] 52 (-2) = (x) >
=<2z,0,0 >
2. (10 pts.) Convert the given iterated integral into an iterated

integral in polar coordinates that has the same nunerical value and is
easier to evaluate, perhaps. Do not attenpt to evaluate the iterated
integrals. A picture mght help.

-3 JO

JOJ(“Z’“ 2x (x?+y?) dydx JT’;Z[; 2rcos(6) r2rdrdé

J” J: 2r4cos(8) dr de.

2

Picture: Quarter disk of radius 3 in the second quadrant bounded by the y-
axis on the east and the x-axis on the south.
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3. (10 pts.) Wite down the triple iterated integral in cylindrical
coordi nates that would be used to conpute the volune of the solid G whose
top and bottom are on the sphere defined by the equation r? + z? = 100 and
whose | ateral boundary is given by the cylinder defined by the equation

r =5-sin(B). Do not attenpt to evaluate the integral. (WARN NG

r = 5-sin(B) has teeth. [If you don't pay attention to the details, it
bites.)

”Ll dv

Not e:

JLH“M“ 1 dz |aa
,(100,r2)1/2
JHJSSm(S)J(lOOrz)“Z 1 dzrdr de.

0 Jo -(100-r2) ¥z

rr=5-sin(B) < r?2=>5r-sin(0)
= X2 +y?=25y
2
- x2e(y-5)z=(5).

By sketching the rectangul ar auxiliary r6-graph, you can see that the
circle is traced out as 6 runs fromO to T

4. (10 pts.) Wite down a triple iterated integral in cartesian

coordi nates that would be used to find the volune of the solid G bounded by
the surface y = x? and the planes y + z =4 and z = 0, but do not attenpt
to evaluate the triple iterated integral you have obtained. [Sketching the
traces in the coordinate planes will help.]

Hlev=J2J4J4y1dzdydx i
-2 |x2]o0

or e

- J4Jy”2J4y 1 dz dx dy.

,y1/2 0

This, of course, was a silly homework problem
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5. (10 pts.) Wite down the triple iterated integral in spherical

coordi nates that would be used to conpute the volunme of the solid Gwthin
the cone defined by ¢ = W4 and between the spheres defined by p = 4 and
p=9inthe first octant. Do not attenpt to evaluate the interated

i ntegrals.

”L Lav- JOWZJOMLQ p?sin( @) dpded®.

This is an easy to understand spherical wedge. Draw your own side viewin
the xz-plane. The only winkle is the first octant noise that restricts 0
so that 0 < 6 < 2.

6. (10 pts.) Conpute the surface area of the portion of the hem sphere
defined by z = (16 - x2 - y)¥2 that lies between the planes defined by
z =1 and z = 2.

= S5 )

I}
—
——

~/
H
(&)
|
X
3E
|
<
[\
.
~
[\
o
+
H
N
|
X
NI k<Ij
|
<
NS
.
~
R
oo
+
H
N——
.
~
[\

I
—
—

~/
| o
|
o
|
k<[\
—

R
= f f”f’ 4(16-r2) "2 rdrdd
0 V12
T 2T
fﬁ 4r(16-r2) 12 dr xf 1 do
V12 0
4
= 4nf ut/2du
1

8w ((4)/% - (1)Y?) = 8w,

Qobvi ously we have passed to polar coordinates along the way and then used
the u-substitution u = 16 - r2 to acconplish our goal. The intersection of
the hem sphere with the two planes are a couple of easy to understand
circles. These provide the r limts of integration.
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7. (10 pts.) Conpute the work in noving a particle along of the path in
the xy-plane that goes fromthe point (-1,-1) to the point (1,1) along the
curve y = x® against the force field defined by

F(x,y) ={y-x, yx®).
The Toidi’'s paraneterization for the curve, in the correct direction,

is given in a vector formby r(t) = <t,t° for t € [-1,1]. Consequently,
r'(t) =<1, 5t* > and thus,
w = [ F-dr

| F(r(t)) -r’(t) dt
- .7ll(t5—t)(1) + (t5t3) (54 dt

rl
=| t5-t +5t12dt

J-1

- T - 10
10J0t dt = 5.

How did Em Toi di know that a paraneterization is needed?? First, the field
is NOT CONSERVATIVE. [Go check this, Frodo.] This neans that the
Fundanment al Theorem of Line Integrals CANNOT BE USED. Second, the curve is
NOT CLOSED, although the curve is sinple. As a consequence, Geen’s
Theorem CANNOT BE USED. This neans finally, you are stuck with the
"definition." A nice, easy paraneterization is a nust. This is actually
an easy path integral, oddly. O was it evenly????? [E. T. used both!!]

8. (10 pts.) Starting at the point (0,0), a particle goes along the
y-axis until it reaches the point (0,4). It then goes from(0,4) to (-4,0)
along the circle with equation x? + y> = 16. Finally the particle returns
to the origin by travelling along the x-axis. Use G een’s Theoremto
conpute the work done on the particle by the force field defined by

F(x,y) = < -5y3 5x3® > for (x,y) €¢ R% [Draw a picture. This is easy??]

W= f F-dr = f -5y3 dx + 5x3 dy
C C

- HR 2 (5x9) - %(—5313) dA

15JLx2+y2dA==15JTT J4r3 dr d6 = 480m. [ Corrected.]

w2 |0

Picture: Quarter disk of radius 4 in the second quadrant bounded by the y-
axis on the east and the x-axis on the south. Trace the boundary counter-
cl ockw se.
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9. (10 pts.) (a) Show that the vector field
F(x,y) = <cos(x)eY, sin(x)eY + 10y >

is actually a gradient field by producing a function ¢(x,y) such that
@ (x,y) = F(x,y) for all (x,y) in the plane.
Evidently

a y = y = a i y 2
37( cos(x)eY) =cos(x)e 37( sin(x)eY + 10y) for each (x,y) OR2

Then
09 _ -
W(x,y) cos(x)eYy O @ (Xx,Y) Jcos(x)ey dx
=sin(x)eY + c(y).
Ther ef or e,

sinGer « 10y = $xy) = So(sinxer) < GE(y) 0 (y) =10y

O c(y) =5y? +c
for some nunmber c,. Hence, @(x,y) = sin(x)e¥ + 5y? + c,.

(b) Using the Fundanental Theorem of Line Integrals, evaluate the path
integral below, where Cis any snmooth path fromthe origin to the point
(r2,In(2)). [WARNING You nust use the theoremto get any credit here.]

L( cos(x)eY) dx + ( sin(x)eY + 10y) dy o(x,y) [(Fgn)

®(12,1n(2)) - 90, 0)
sin(12) e + 5(1n(2))?2
2 +5(1n(2))2 =2 +5In%2).
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10. (10 pts.) Use the substitution u = (1/2)(x +y) and v = (1/2)(x - vY)

to evaluate the integral below, where Ris the bound region enclosed by the
triangular region with vertices at (0,0), (2,0), and (1,1).

HR cos(%(xw) ) dA L cos(}Z(X+y)) dA, ,

: L a(x, y) |
[ [ oo Loy oA

- 'T” 2 cos(u) dvdu
Jo Jo

= '01 2ucos(u) du

2usin(u) |5 - Jol 2sin(u) du

2sin(l) +2cos(1l) -2

Th u = (x+y)/2, v = (x-y)/2
T: X = u+v,
y = u-v
Boundi ng Curves:
y = X = v =0 1 1_,,; yeone2
y=2-x = u=1 - —
y =0 - vV =u oo e
iax axi |
a(x,y) _| ou ov| |1 1 | D(-1) (1) (1) = -2
TNy | oy oy | Tl 11 |T(DEDA(D@) =2
| du 0V |
Note that S = TY(R).
Silly 10 Poi nt Bonus: Becone a pol ar explorer. Reveal the details of
how one can obtain the exact value of the definite integral
Jwexzdx
0

even though there is no elenentary anti-derivative for the function
f(x) = e™.

Say where your work is, for it won’t fit here! [You may gl oss sone of the
technical details related to the matter of convergence. ]



