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Read Me First: Show al |l essential work very neatly. Use
correct notation when presenting your conmputations and argunents.
Wite using conplete sentences. |In particular, be careful.
Renmenber this: "=" denotes "equals" , "[O" denotes "inplies" ,
and "<" denotes "is equivalent to". Do not "box" your answers.
Communi cate. Show ne the all magic on the page.

1. (10 pts.) (a) Suppose that f(t) is defined for t > 0. Wat
is the definition of the Laplace transformof f, f(t)}, in
terns of a definite integral ??

Hf(t)}(s) = [f (t) e stdt
lo
for all s for which the integral converges.

(b) Using only the definition, not the table, conmpute the Lapl ace
transf orm of

0o : 52t >0
f(t) = 0O
03 : t >5 .
f(t)}(s) = (3/s)e>s : s >0, wth nmuch weeping and

gnashing of teeth. The internediate magical steps are critical
You could check your "final answer" by using nunber 15 on the
tabl e of Laplace Transforns!!

2. (15 pts.) Very neatly transformthe given initial value
probleminto a linear systemin ${x} and ${y} and stop. Do not
attenpt to solve for ¥{x} or ¥y}. Do not take inverse
transforns, and do not attenpt to conmbine terns over a common
denom nat or

|.V.P.: x'"(t) + y(t)

y'(t) - x(t)
x(0) =1, y(0) =-1

8 -si n?(5t)
5-5(t - 40)

After performng the transformation two-step, you mght waltz
right up to

s¥{x} + ¥y} =1[4/s] - [(4s)/(s? + 100)] + 1
-9{x} + s¥{y} = 5es - 1

after applying the identity sin’(x) =[1 - cos(2x)]/2 in your
sl eep.
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3. (15 pts.) (a) If f(t) and g(t) are piecew se continuous
functions defined for t > 0, what is the definition of the
convolution of f wth g, (f*g)(t)??

t

(frg) (1) = ? fF(x)g(t - x) dx

0

(b) Using only the definition of the convolution as a definite
integral, not sone fancy transform shenani gans, conpute (f*g)(t)
when f(t) = 24t and g(t) = 3t?2

| f(x)g(t - x) dx = é 24x (3) (t - x)? dx

(frg) (1) = n
Jo Jo
|'t

= [0 72xt? - 144x%t + 72x3 dx

= 36t* - 48t4 + 18* = 6t*°
(c) Conpute the Laplace transformof f*g when f(t) = 4t -cos(t)

and g(t) =te*. [Do not attenpt to sinplify the algebra after
conmputing the transform]

H(frg)(t)}(s) = f(t)}(s) a(t)}(s)
49{t -cos(t)}(s) L te*}(s)

= 4(s? -1) (s®> + 1)"2(s + 4)"2 or equivalent.

4. (10 pts.) Suppose that the Laplace transformof the solution
to a certain initial value probleminvolving a linear dif-
ferential equation with constant coefficients is given by

g ~ se 8:s
e = s2+ 81 (s - 4)?+ 36

What’'s the solution, y(t) , to the IVP??
y(t) = Ug(t)cos(9(t-9)) - 8e*cos(6t) - (32/6)e*sin(6t)

after just a little of the usual prestidigitation --- taking the
i nverse transform of both sides, using linearity, then factoring
unity correctly, and invoking the avatar of zero who
transnogrifies the toad to princely table form

Bonkers Bonus : Obviously f and g are not unique. Wy?
Renenber that convolution is commutative. Here are a couple of
possi bl e choices: f(t) = sin(t) and g(t) = h(t), or f(t) = h(t)
and g(t) = sin(t). You need only solve the silly thing and
remenber that Y h(t)}(s)}(t) = h(t). Additionally using the
linearity of all participants and being willing to tinker, you
can find infinitely many of the varm nts.



TEST3/ MAP2302 Page 3 of 4

5. (10 pts.) The equation x?-y" + x(x + 3)y’ - 8 =0 has a
regul ar singular point at x, = 0. (a) Find the indicial

equation of this OD. E at x, = 0 and deternmne its roots.

(b) Then use all the information available to say what the two
linearly independent solutions provided by Theorem 6.3 | ook |ike
w thout attenpting to obtain the coefficients of the power series
i nvol ved. // The indicial equationis r(r-1) + 3r - 8 =
(r +4)(r - 2) =0. You can, of course, obtain this in a couple
of ways.

0]

ya(x) = X |2 3Cix*
k=0
ya2(X) = X [93dx* + Cyi(x) Infx|

k=0

6. (15 pts.) Usi ng only the Lapl ace transform nmachi ne, very
carefully solve the following very dinky first order initia
val ue probl em

0 2t , for 0 <t <3
y'(t) =f(t) , where f(t) =10
6 , for 3 <t

and y(0) = 1.
Qoserve that f(t) =2t - 2(t - 3)us(t). Thus, applying our
friendly Laplace transformto both sides of the differenti al

equation, using the initial condition, and solving for the
Lapl ace transformof y yields

Hy(t)}(s) =1[2/(s)] - [2e*/(s)] + [1/s].

Thus, after not bowing at all to the partial fraction proprietor,
you may wite

y(t) = t2 - ug(t)(t-3)% + 1

Finally, after you march up and down the unit steps a few tines,
you have

Ot?2 + 1 , for 0 <t <3
y(t) = 0O
06t - 8 , for 3 <t

nore or less. There are, of course, a couple of inequalities
t hat we have fudged. [Look at Test 1, Problem 1(f)...!!17??

7. (10 pts.) Locate and classify the singular points of the
foll owi ng second order honpbgeneous O D.E. Use conplete sentences
to describe the type of points and where they occur.

(x* - 2x3 + x)y" + 2(x - 1)y' + x?y =0

Since, Pi(x) = 2(x-1)/[x?3(x-1)?] and P,(x) = x?[x?(x-1)?], doing
t he necessary thinking or attenpting to conpute suitable limts
reveals that O is an irregular singular point of the DE, and 1 is
a regul ar singul ar point.
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8. (15 pts.) Wt hout evaluating any integrals and using
only the table provided, properties of the Laplace transform and
appropriate function identities, obtain the Laplace transform of
each of the functions that foll ows:

0 5 , 0 <t <3
(a) h(t) = 0-9 , 3 <t <8
o 2 , 8 <t
= S:Ug(t) + (-9 - (5)) ‘us(t) + (2 - (-9)) -ug(t)
= 5-Up(t) - 14 -ug(t) + 11 -ug(t)
gh(t)}(s) = 5Hu(t)}(s) - 14{us(t)}(s) + 11L{ug(t)}(s)

(1/s)(5 - 1lde> + 1le ®)

(b) g(t) =2t -e*-sin(t)

{g(t)}(s) 249{e*(t -sin(t))}(s)
= 2%9{t sin(t)}(s - 3)
= 2(2) (s - /[ ((s- 32+ 12)%]
= 4(s - 3)/[((s - 3)2 + 1)%

This can al so be handl ed by follomﬁng the Iine of transformation
that begins 9{g(t)}(s) = 2¢9{t (e 'sin(t))}(s) and uses

differentiation ... ’tis nuch nessier though.
010 , 0 <t <2

(c) f(t) = O
U 5t , 2 <t

10 + (5t - 10) ‘uy(t)

(1) (s) = L{10}(s) + (5t - 10) ‘uy(t)}(s)

= 10s ! + ¢ g(t-2) ‘uy(t)}(s), where g(t-2) = 5t - 10
= 10s! + e={g(t)}(s), with g(t) = 5(t+2) - 10

= 10s! + e >¢{5t}(s)

= 10s*' + be?*s?

Silly 10 Point Bonus: Pretend the function h(t) is continuous
and bounded for t =2 0. The solution to the initial value
problem y"(t) + y(t) = h(t) wthy(0) =aand y'(0) =Db, is

y(t) = (f*g)(t) + a-cos(t) + b-sin(t)

for a couple of functions f(t) and g(t). Ildentify f and g.
[Warning: Say where your work is below, for you do not have room
to solve this in the space remaining on this page. Details are a
must. There will be no credit otherw se.]



