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CGeneral directions: Read each problemcarefully and do exactly

what is requested. Full credit will be awarded only if you show
all your work neatly, and it is correct. Use conplete sentences
and use notation correctly. Be very careful. Renenber that what
is illegible or inconprehensible is worthless. Since the answer
really consists of all the magic transformations, do not box your
final result. Show ne all the magic on the page. Comuni cate.

1. (40 pts.) Sol ve each of the foll owi ng second order
differential equations or initial value problens. Be very
careful. Show all essential work. Do not wite nonsense.

(a) y" - 4y' - 21y =0

Solution: y = c,e™ + c,e*

(b) dP/dx® + 9(dy/dx) = 0

Solution: y = ¢, + c,8in(3x) + czcos(3x)

(c) y" - 18y' + 81y =0

Solution: y = c,e”™ + c,xe*

(d) y" - y" =4e  ; y(0) =-2, y'(0) =1

Solution: y =1 - 3e* + 4xe*

Silly 10 Poi nt Bonus: Magi cal ly obtain the foll ow ng
antiderivative without integrating by parts or any other way!!

Jsin(x)~exdx =y
The silly antiderivative equation is equivalent to
y' = sin(x)e*,

a linear, constant coefficient linear ODE with a U C. driving
function. The correspondi ng honogeneous linear ODE is y' = 0,
whi ch has as a fundanental set of solutions the singleton, { 1},
whi ch contains the lowy "one function”". G ven the fundanenta
set above and the U . C. driving function, we’d expect to have a
particular integral of the formy, = A-sin(x)e* + B:cos(x)e*.

If y, is to be a particular |ntegral t hen, for each x we nust
have (A - B) sin(x)e* + (A + B) cos(x)ex =y, = sin(x)e*. From
the linear independence of sin(x)e* and cos(x)eX this is

equi valent to A and B satisfying the followng |inear system A
- B=1and A+ B=0. This is equivalent to A =1/2 and
B=-1/2. Bottomline:

Jsin(x)~exdx =c-1l+(1/2)sin(x)ex - (1/2)cos(x)e*
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2. (5 pts.) The factored auxiliary equation of a certain
honbgeneous Iinear OD. E. with real constant coefficients is as
fol | ows:

m(m- m(m- (1+5i))3(m- (1-5i))* =0

(a) (3 pts.) Wite down the general solution to the differenti al
equation. [WARNING Be very careful. This will be graded Ri ght
or Wong!!] (b) (2 pt.) Wiat is the order of the differenti al
equati on?
(a): Yy = C; + C,X + Czx? + c,e™ + c.e*cos(5x) + cqe*sin(5x)

+ c,xe*cos(5x) + cgxe*sin(5x)

+ Cgx?e*cos(5x) + cyox?e*si n(5x)
(b): The equation is a tenth order ODE. Sinply | ook at the

degree of the polynom al making up the left side of the auxiliary
equati on.

3. (10 pts.) G ven that f(x) = sin(2x) is a solution of the
honmogeneous linear OD.E. y" + 4y =0, wuse only the nethod of
reduction of order to find a second, linearly independent

sol uti on. [ WARNI NG No reduction, no credit!! Show all steps of
this neatly while using notation correctly.]

The substitution of y = v-sin(2x) into the equation and doing a
little algebra yields O = sin(2x)v" + 4-cos(2x)v'. Letting w =
v', and doing a bit nore algebra allows us to obtain

w' + 4-cot(2x)w = 0, a linear honogeneous first order equation

with integrating factor p = sin?2x). By using this
appropriately, we get w= c-csc?2x). Thus , by integrating, we
obtain v = -(c/2) -cot(2x) + d. Consequently, by setting ¢c = -2

and d = 0, we obtainy = cos(2x) ... no surprise, this.

[OF course you could also choose ¢ = -2 and d = 1 since the
function y = sin(2x) + cos(2x) is a linearly independent
solution. 1In fact, as long as ¢ is chosen to be nonzero, you

will get a linearly independent solution. Just conpute the
W onski an. ]
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4. (20 pts.) Using the nmethod of variation of paraneters, not
the nethod of undeterm ned coefficients, find a particular
integral, y, of the differential equation

y" - 4y’ = 10.
[Hnt: Read this problemtw ce and do exactly what is asked to
avoi d heartbreak!! Do not obtain y, using the nethod of
undet erm ned coefficients.]
Correspondi ng Honbgeneous: y" - 4y’ =0

F.S. = {1, e*}.

If y, =v;-1 + vee®™ then v, and v,’ are solutions to the
foll ow ng system
1v,” +e*v,” =0
4e*v,’ = 10.
Sol ving the systemyields v, = -5/2 and v,’ = (5/2)e*. Thus, by
integrating, we obtain v, = -(5/2)x + ¢ and
v, = -(5/8)e*™ + d. Consequently, y, = v, 1 + v,e¥

= -(5/2)x - (5/8), after cleaning up things. [You may ’drop
-(5/8) fromy, Wy??]

5. (5 pts.) The follow ng differential equation may be sol ved
by either perform ng a substitution to reduce it to a separable
equation or by performng a different substitution to reduce it
to a honogeneous equation. Display the substitution and perform
t he reduction, but do not attenpt to solve the separable or
honobgeneous equati on you obtai n.

(x -y - 8dx + (2x - 2y + 2)dy =0
The lines defined by x - y - 8 =0 and 2x - 2y + 2 = 0 are
parallel. Set z =x - y. Then dy = dx - dz. After substituting
and cleaning up the algebra just a little, we have
(3z - 6)dx - (2z + 2)dz = 0,

which plainly is separable.
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6. (10 pts.) Set up the correct |inear conbination of
undet erm ned coefficient functions you would use to find a
particular solution, y, for the OD.E

y" - 3y’ = 10x® - 7sin(x) - 32xe*.

Do not attenpt to actually find the nunerical values of the
coefficients!!

Since a fundanental set of solutions to the correspondi ng
honbgeneous equation consists of { 1, e¥* },

Yo = Ax® + Bx? + &x + D-sin(x) + E-cos(x) + Fxe> + Gx%e>.

7. (10 pts.) (a) Obtain the differential equation and initial
condition needed to solve the follow ng word problem State what
your vari abl es represent using conplete sentences. (b) Next,
solve the initial value problem (c) Then, answer the |ast part
of the question. This wll probably involve a second equation
rel ati ng dependent and independent variables. [For (c), the
exact value in terns of natural logs will suffice.]

/I Assume Newton’s Law of Cooling: A body with tenperature
of 100 °F is placed at tinet =0 in a nmediumnaintained at a
tenperature of 20 °F. If, at the end of 10 m nutes the
tenperature of the body is 50 °F, when will the body be 30 °F??//
(a) Let x(t) denote the tenperature of the object in °F at tine
t, in mnutes. Then x' = k(20 - x), x(0) = 100, and x(10) = 50.
(b) The differential equation may be viewed as separabl e or
linear. Consequently, you may use the techniques from Chapter 2
to deal with it and the initial condition. Somewhat anusingly,
you may actually solve this and do no integrations at all once
you realize that the equation is, in fact, a constant coefficient
linear differential equation with an undeterm ned coefficient
driving function.

Here are the details of that. The DE, x' + kx = 20k, is
l[inear with a fundanental set for the correspondi ng honbgeneous
equation consisting of { eX }. The UC driving function is
F(t) = 20k. Using this and the UC set consisting only of { 1},
results in x,(t) = 20. Thus, a general solution to the DEis
gi ven by x(ts 20 + c,e’*.  Thus, using the I.C. x(0) = 100
leads to x(t) 20 + 80e™“.
10
+

) = 50 now, one can obtain k = -1n(3/8)/10.
80(3/8)'%,  Solving 30 = x(t,) vyields

t, = 10[(In(1/8)/In(3/8)] = 10[(In(8)/In(8/3)] which turns out to
be approxi mately , In mnutes, of course. Since you don't
have access to a log table you aren’t expected to obtain the
approxi mation!!]

Silly 10 Poi nt Bonus: Magi cal |y obtain the follow ng
antiderivative without integrating by parts or any other way!!

Jsin(x)~exdx =y



